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Abstract

What was the role of trade, and how did economic activity evolve at the End of
Antiquity, when political power shifts away from the Mediterranean towards northern
Europe and the Middle East? To answer those questions, we assemble a database of
hundreds of thousands of ancient coins from the fourth to the tenth century, estimate a
dynamic model of trade and money where coins gradually diffuse along trade routes, and
recover granular regional trade and real consumption time series. Our estimates suggest
that Mediterranean trade was disrupted by the newly formed border between Islam and
Christianity; that economic activity shifts away from the Mediterranean starting in the
fifth century; that real consumption peaks in the Middle East in the eighth century; and
that by the end of the ninth century, Atlantic regions from Islamic Andalusia to Frankish
northwestern Europe have become the wealthiest regions of the ancient western world.
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Introduction

The transition from classical antiquity to the medieval period marks one of humanity’s most
profound transformations, altering the intellectual, economic, and political fabric of Europe,
the Mediterranean, and the Middle East. This sweeping metamorphosis reshaped entire eco-
nomic systems and political structures, transforming a world organized around Mediterranean
commerce and urban networks into one dominated by new centers of power. We present new
data and empirically document this changing economic geography during Late Antiquity. This
quantitative analysis sheds new light on the nature and extent of economic change as the
Roman civilization in the Mediterranean declines and economic power shifts to western and
northwestern Europe, and to the Middle East.

What caused the end of antiquity has been a central question for centuries (see for instance
Montesquieu, 1734; Voltaire, 1756; Gibbon, 1789). Most contemporary historians believe that
the conquest of Rome by Germanic invaders in the fifth century did not lead to an immediate end
of Roman institutions and commerce, as local institutions remained largely in place (Pirenne,
1927, 1939; Findlay and O’Rourke, 2009; McCormick, 2001).” The archaeological evidence
points to a shift in the economic activity to the north-west of Europe and away from the
Mediterranean between the fifth and the eighth century. The timing, extent, and reasons
remain debated, but when Charlemagne was crowned as Emperor at the end of the eighth
century, the political and economic power in Europe has moved from the Mediterranean to the
Frankish lands of northwestern Europe. Famously, historian Henri Pirenne proposes that the
expansion of the Arab Caliphate along the southern Mediterranean coast and into the Iberian
peninsula disrupted commerce and political ties in the Mediterranean, and turned the emerging
Carolingian Empire into a northern European power (“without Mohammed Charlemagne would
have been inconceivable,” Pirenne, 1927, p.234). The evidence for these disruptions brought
forward by Pirenne is mainly related to the disappearance of certain luxury goods north of the
Mediterranean.”

In this paper, we study the changing economic geography during Late Antiquity using the
tools of modern quantitative trade models and novel data on the circulation of ancient coins.
Our aim is not to U000 the end of antiquity, but to collect novel quantitative evidence OO0
100 it. Our evidence suggests that the emergence of the Arab Caliphate reshaped Mediterranean

1000000: Ward-Perkins (2006).

2Pirenne’s argument is the near O0J0000 of mentions of silk and spices in historical texts written north of the
Mediterranean, and the disuse of gold for coinage and papyrus for writings. These fragments of evidence, along
with new archaeological findings, have been extensively studied and discussed by historians since Pirenne. See
Lopez (1943), Ashtor (1970), Hodges and Whitehouse (1983), and, in particular, McCormick (2001)’s monumen-
tal work that synthesizes the existing literary and archaeological evidence on changes around the Mediterranean,
including patterns of change in the flows of communications, objects, and travelers. The synthesis of Wickham
(2006) interprets the evidence through the lens of social structures.



trade, with north-south trade collapsing while south-south trade flourished. But we also show
that the relative economic decline of the Mediterranean world started more than a century
earlier; and that the Atlantic regions from the Islamic Iberian peninsula to the Frankish lands
of northwest Europe became the wealthiest regions of the ancient western world more than
seven centuries before the European colonial expansion into the Americas, Africa, and Asia.
We make four main contributions. Our first contribution is to assemble a large database
of coin finds from hoards deposited between AD 325 and AD 950, with observations from hun-
dreds of thousands of coins found across Europe, North Africa, and the Middle East. Coins
offer rich quantitative information in a data-scarce setting,” as numismatists and archaeologists
have deciphered, cataloged, and classified ancient coinage for over 200 years. We collect infor-
mation about where and when coins were minted and buried, and present three stylized facts:
(i) bilateral coin flows are disrupted by distance and political borders just like trade flows are,
(i1) unlike traded goods, coins are in use over many years and, as a result, coins that are older
at the time of deposit tend to have traveled farther, and (iil) the geography of coin flows across
the Mediterranean changes abruptly around the time of the Arab conquests of the 7t century.
Our second contribution is to build and estimate a dynamic model of trade where agents
use coins for transactions. Within each period, trade is governed by comparative advantages as
in Eaton and Kortum (2002), and coins flow in opposite direction to trade. After being minted,
the same coin can then be saved as a store of value, and re-used for subsequent transactions.
We first show that with saving, coin flows within a period inherit the same gravity structure as
trade flows, up to a single multiplicative constant. We then characterize the full dynamics of
coin flows, as coins are minted, saved, used for multiple transactions, and gradually percolate
through the trade network. We show that data solely on coins is sufficient to fully recover the
parameters governing coin creation (minting) and trade in goods (trade costs and production
efficiency).” Our estimates for minting output are in line with known historical evidence,
and our estimate for the travel time elasticity of trade is similar to that for Roman trade in
ceramics (Fliickiger et al., 2022), and Bronze Age Assyrian trade in textiles and precious metals
(Barjamovic et al., 2019). Our estimates reveal a large cost associated with crossing the newly
erected border between Islamic and non-Islamic regions, especially over the Mediterranean.
Our third contribution is to reconstruct granular time series for bilateral trade flows and
for real consumption for each 20-year period from the 4™ to the 10" century for each region.
We are able to recover real consumption using solely data on coins because coin flows contain

information on (nominal) trade flows, which contain information on (relative) prices. Our

3Due to the fact that no comprehensive data on production, consumption, trade, or demographics exists for
the first millennium AD, historians of this period rely to a large extent on qualitative literary sources.

4As recognized by numismatists, whether a coin hoard is created (deliberately or accidentally buried), found
by archaeologists, and documented by numismatists, depends on a series of endogenous events. To purge our
estimation from those endogenous events we use only information on the 000000 of different coins within a hoard.



estimates confirm the thesis proposed by Pirenne (1939) that north-south Mediterranean trade
collapsed after the Arab conquests in the 7™ century, although we also show that south-south
trade remained vibrant. Our estimates further reveal that Mediterranean income fell relative
to the rest of the ancient western world starting in the 6% century, and that the concentration
of income fell sharply in the 5" century and remained stable thereafter. Our estimates also
suggest that real consumption in the heartlands of the Byzantine empire, initially among the
highest, gradually collapsed starting in the 7™ century, in part due to the fall of trade in and out
of regions newly conquered by the Arabs, while consumption experienced a spectacular rise in
northwest Europe in the 7t and 8 centuries; consumption in the heart of the western Roman
empire regions of Italy, southern France, and Egypt start falling in the 4" century, around the
time when the institutions of the western Roman empire collapsed; while consumption peaks
in Syria under the Umayyad Caliphate of Damascus in the early 8" century, in al-Andalus
under the Umayyad Caliphate of Cordoba. in the late 8 century, in al-Iraq under the Abbasid
Caliphate of Baghdad, and in the Arabian peninsula in the 8 century after the birth of Islam.
Aggregate consumption rises in all Atlantic regions from North Africa to northwest Europe
starting in the 8™ century, more than seven centuries before the European colonial expansion.

Our fourth contribution is to confront our estimates to a series of external data. The known
exploitation of ancient mineral deposits is positively associated with our estimates of coin
minting. Paleo-climatic adverse shocks—severe droughts—have a negative causal impact on
real consumption. But military conflicts and the local incidence of the Justinianic plague have
no detectable association with consumption. Finally, in the absence of virtually any systematic
evidence on ancient production, consumption, or trade, we show that our estimates on real
consumption changes from pre- to post-AD 700 are remarkably consistent with measures of

European urbanization post-AD 700.

Related literature. Our paper relates to the literature on the role of market access in shaping
economic outcomes across space, specifically in historical settings. Fogel (1964), Donaldson and
Hornbeck (2016) and Hornbeck and Rotemberg (forthcoming) evaluate the impact of the US
railroad in the 19th century on economic growth, Donaldson (2018) the impact of railroads
in colonial India on relative welfare, and Nagy (2023) the impact of the westward expansion
of the US on growth; Pascali (2017) evaluates the impact of steamships on maritime trade
and relative development; Redding and Sturm (2008) study the impact of the iron curtain on
comparative development in Germany, and Ahlfeldt et al. (2015) the impact of the Berlin wall
on the urban structure of Berlin; Juhdsz et al. (2024) study the impact of knowledge codification
on industrial development in Japan, using trade data to infer aggregate productivity; Flickiger
et al. (2022) study the impact of the Roman transportation network on trade in ceramics (terra

sigillata) from the 1st century BC to the 3rd century AD, while Michaels and Rauch (2018) study



changes in the transportation and urban networks after the fall of the Western Roman Empire;
Barjamovic et al. (2019) use shipment records from Assyrian merchant archives in Bronze
Age Anatolia to estimate the location of ancient lost cities and their size. In contrast to this
literature, we do not observe prices, trade costs, or even trade flows. Instead, we use a dynamic
model of trade and money to recover trade flows from panel data on the movement of coins. Liu
and Tsyvinski (2024) feature a related mechanism where shocks gradually percolate through
an input-output network. We follow an approach similar to Donaldson (2018) and Donaldson
and Hornbeck (2016) to measure travel time—optimal routing algorithm on a transportation
network, but we add substantial historical evidence (Scheidel, 2015; Romanov and Seydi, 2022;
Cornu, 1983) including direct evidence from 10™-century Arab geographer Al-Mugqaddast (985).
Finally our paper speaks to a literature in economic history on the changes in Late Antiquity
and early medieval times. This literature frequently uses numismatic evidence, although mostly
in a descriptive manner. Two notable exceptions are Noonan (1980)’s study of Islamic coin finds
of different vintages and origins in Eastern Europe and Scandinavia, which stops short of using
a formal econometric model; and Persson and Sharp (2015) who discuss Pirenne’s thesis and
economic integration in Europe through the lens of a gravity model.-

The remainder of the paper is structured as follows. Section 1 lays out the historical context
and describes our data and three stylized facts on ancient coin flows. Section 2 presents our
dynamic model of trade and money. Section 3 describes our estimation method and presents
our estimates. Section 4 leverages our estimates to uncover novel facts on trade, consumption,
and the end of antiquity in the Mediterranean. Section 5 confronts our estimates to external

data on ancient mines, climate, urbanization, battles, and plagues. Section 6 concludes.

1 Historical context, data, and stylized facts

1.1 Historical context

We study the economic and political developments in the Mediterranean between the 4" and the
10™ century AD. At the start of this period the Mediterranean was still entirely under control
of the Roman Empire, albeit at times with multiple emperors and conflict between them,
and under mounting pressure from Germanic invasions. The death of the eastern emperor
Theodosius I in 395 divided the Roman Empire into a western and an eastern half. The
fiftth century saw increased Germanic incursions in the east and west, culminating with the
Ostrogothic king Odoacer deposing the last West Roman emperor Romulus Augustulus in 476
and ending the Western Roman Empire. Italy was ruled by the Ostrogoths until the 550s,
then by the Lombards; Spain was taken over by the Visigoths, France by the Merovingian

SShatzmiller (2018) qualitatively applies the gravity model to medieval trade in the Middle East.
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Figure 1: The Arab Conquests, AD 632-750

dynasty of the Franks, and North Africa, Sicily, and Sardinia by the Vandals. The Eastern
Roman (Byzantine) Empire at times reconquered parts of the former Western Roman territory,
but in the sixth century became increasingly under pressure from the Sasanian Empire in the
east. The Byzantine-Sasanian wars of 602-628 depleted the resources of both empires, leaving
a vacuum that was filled by the emerging Arab caliphate.

Figure 1 shows the rapid Arab expansion, starting in 632. By 634 the Arabs controlled
the entire Arabian Peninsula. The Levant followed in the late 630’s and Egypt in the 640’s.
By the end of the Rashidun Caliphate in 661, the Arabs controlled land from Tripoli in the
west to Balkh in the east. The expansion continued under the Umayyad dynasty. In 698 the
Arab army razed Carthage and by 709 they had fully conquered the Maghreb. In 711 they
crossed the Strait of Gibraltar and defeated the Visigoths at the Battle of Guadalete. In 732
they were stopped by Charles Martel at Tours, and driven back across the Pyrenees. When the
Abbasid family overthrew the ruling Umayyads in 750, the Umayyads retained control of most
of Iberia (al-Andalus). While the Arab conquest ended Sasanian rule in the east, advances into
Byzantine territory in Anatolia did not lead to sustained land border shifts. But the Arabs
strengthened their naval capabilities, ended the Byzantine control of the western Mediterranean
and contested its control of the east. Arab raids on Mediterranean cities became frequent.

Two other notable and overlapping events have been linked to economic and political

changes: the Plague of Justinian (541-549), which, according to contemporary literary sources



led to large declines in population, and the “Late Antique Little Ice Age” temperature anomaly
(536-560), likely due to volcanic eruptions, which caused temperatures in the northern hemi-
sphere to drop by about one degree Celsius (Peregrine, 2020). The size and quantitative rele-
vance of these two events is heavily debated among historians. We will think of these events as

potentially affecting population and productivity, which our estimation strategy accounts for.

1.2 Data

We construct a large dataset on the flows of coins around the Mediterranean between AD 325
and AD 950." For the period from AD 325 to AD 725 we mostly rely on data from the 0000000
000 0000 000000 000 00000 O0000000 0000000 project (FLAME, 2023Db),” a large-scale effort
by historians and numismatists to record harmonized information on the location, dating, and
composition of coin finds up to the year 725. FLAME covers hoards’ from the Mediterranean
and beyond, contributed by specialists working on the coinage of their geographical and tempo-
ral expertise. We use the most recent release of FLAME (January 2023) which covers 9,831 coin
hoards. We remove hoards that fall outside our area of interest, continental western Europe up
to the modern-day German-Polish border and including Bohemia, southern Europe up to the
line between Vienna and Odessa, and North Africa and the Middle East up to the maximum
extent and area of influence of the Umayyad Caliphate (stretching from the Maghreb in the
West to the Indus in the east, and up to Bulgar in the north).” We also remove all hoards that
only consist of incompletely described coins (no mint location or mint date information).

We supplement FLAME’s data, in particular for the period after AD 725, with hand-coded
records of 106,371 coins from 830 finds, which we assemble using hoard catalogues from the nu-
mismatic literature, similarly to the source documents that underlie FLAME. These additional
records include the time period of the Caliphate, so that we can assess the impacts of these
changes on the patterns of exchange in the Mediterranean. Together these data cover the vast
majority of published information on coin finds in our geographic and temporal scope.

The structure of the coin hoard data is ideally suited for an analysis of dynamic bilateral
spatial flows. Each unit of observation—a coin within a hoard—contains the following at-
tributes: (1) the location where the coin has been minted, (1) the ruler and/or dynasty under

whose authority the coin has been issued, (1II) a year interval when the coin was minted, (I0)

6See appendix D for extensive information on the coin data assembly, harmonization and cleaning.

"https://coinage.princeton.edu/

8FLAME also includes finds from excavations and single finds. Unless explicitly mentioned, we will treat all
records in the same way and just use the word “hoard” to describe deposits of any size.

9Gee figure 6 below for a map of our area of study. We exclude the Viking lands, and therefore do not
speak to the discussion on the potential role of the Vikings (and the inflow of Islamic silver through trade via
eastern and northern Europe) in the changing economic geography during Late Antiquity (Bolin, 1953). Recent
archaeometric studies indicate that Carolingian silver is largely not of Arab origin (Sarah et al., 2008; Kershaw
et al., 2024), suggesting a limited role for silver inflows via the Viking route in affecting Carolingian mint output.
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the identifier and the location of the hoard that the coin is part of, (0) a year interval when
the hoard—and therefore the coin—was deposited. These pieces of information are typically
recorded by the author of the original numismatic or archaeological publication. Figure 2 shows
an example. Mints are usually inferred from mint marks on the coins.”” The mint date is often
indicated on the coin. When it is not, it can be approximated from the ruler (or dynasty or
empire) under whose authority the coin was issued, as well as other information, including
the mint mark. Finally, we follow the common approach of historians to estimate the date of
deposit of each hoard using the [00OI000 0000 0000, or [0 for short, the date of the youngest
object in the hoard that can be dated. In our case that is typically the most recent end year of
the time intervals of the coins in the hoard.

In coding the mint location and date we typically follow the coding of the author of the
original publication which catalogues the hoard.”” In some cases this information is imprecise:
the author may not have been able to inspect the coin or inspected only a fragment. We conduct
robustness checks to investigate whether our findings are driven by endogenous selection.

We have data on 5,625 hoards and 494,229 coins that fall into our geographic boundary
and have a 00 between 325 and 950. After removing from FLAME large hoards found in the
19th century or earlier for which not much besides rough coin counts is known, 270,500 coins
are complete with a mint and minting year interval; on average 86% of coins in a hoard are
complete. We define the age of coins at time of deposit as the difference between the midpoint of
the coin’s minting interval and the 000 of the hoard. Figure 3a shows the temporal distribution
of the number of hoards by I0J, and figure 3b the distribution of coin ages within hoards.""

Coins are deposited on average 47 years after they are struck. Appendix tables B.1 and B.2

10Mint marks have been in use since ancient Greek times to monitor coin weight and metal content.

1 Sometimes these interpretations are critically evaluated and corrected by subsequent scholars. Appendix D
lists the extensive sources we use for each of the hand-coded hoards.

12To further validate that our data reflect coin circulation during Late Antiquity, appendix B.1 compares the
coin age distribution with the one in twelve Byzantine hoards that Banaji (2016) labels as circulation hoards,
i.e. that are known to have originated from coins that were in circulation. Coin age distributions are similar.
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contain additional summary statistics on coins and hoards respectively.

Discussion. The interpretation of coin flows as relating to trade, despite having a long tra-
dition among numismatists and historians,” deserves some discussion. The Roman and sub-
sequently Byzantine empires were generally fairly monetized economies,”” with coinage taking
a pre-eminent role and credit being very limited (Morrisson, 2002). The situation was sim-
ilar in the caliphate (Bessard, 2020) and in the Carolingian empire (Coupland, 2014). The
fact that coins were light, durable, and—because they were made from precious metal, which
could be easily reminted—accepted within and across borders made them particularly suitable
for long-distance trade.”" This is particularly the case for gold coins, traded throughout the
Mediterranean and valued for their weight in gold (Banaji, 2016)."" Of course coins did not
travel solely because of commerce; theft, gift-exchange, dowry, tribute, ransom and plunder
also contribute to coin flows. We acknowledge that while tribute and ransom can be thought

of as the price paid for life, theft and plunder may not easily fit into our trade model.™”

13See, in particular, the discussions by Grierson (1959) and, more recently, Naismith (2014).

1A possible exception was the eighth century, where Byzantine mint output collapsed.

15Examples of of coins used in foreign empires abound. Bates (1991) discusses how Byzantine coins kept
circulating (and being minted) in Egypt after the Arab takeover in 641. Tribute and ransom payments between
the Arabs and Byzantines often included domestic currency. McCormick (2001), chapter 12, discusses the
circulation of Arab and Byzantine coins in the west.

16We conduct robustness checks of our main results restricting the sample to gold coins.

17Other data-driven approaches used by economic historians to measure economic activity include urbaniza-
tion rates, flows of consumption goods, notably ceramics (Wickham, 2006, Fliickiger et al., 2022), communication
flows and movements of people (McCormick, 2001), pollen grain measurements (Izdebski et al., 2016), and ice
core readings (McConnell et al., 2018). Coin flows bring several econometric advantages and are more directly
related to comprehensive patterns of exchange than communications or ceramics. We nonetheless estimate
similar distance elasticities from gravity regressions on coins and ceramics (see appendix B.2 and figure B.2).



A potential source of bias comes from the fact that our data do not cover the universe of
coin flows, but only hoards that have been created (coins deliberately or accidentally deposited,
which may depend on warfare, natural disasters, and property rights protection), found (which
may depend on modern-day institutions, such as whether metal detecting is allowed, and on
modern-day market prices for historical coins), and documented by experts (which may depend
on the local presence of experts, the ‘novelty’ of the hoards’ contents, and the demand for
research on these topics).” Our estimation in section 3 corrects those biases by using shares of
coins UIOI0 hoards, and differs from the more descriptive methods employed by historians.

Finally, in contrast to standard trade data, we do not observe flows at each point in time, but
only when and where a coin was minted and eventually deposited into a hoard. Our structural
model in section 2 identifies the parameters governing trade flows from data on coin stocks,

and reconstructs the possibly numerous successive trips a coin took throughout its life.

1.3 Three stylized facts on ancient coins

Distance and political borders disrupt trade. The bilateral structure of our dataset
allows us to explore the geography of coin flows in reduced form. We aggregate mint-origin (m)
and hoard-destination (h) coordinates to 1 1 cells across all periods, and restrict the sample
to coins that were unambiguously issued by the fourteen most important political blocks p.-"
We then model the number of coins issued by p in m and found in h as a function of distance

and a political border dummy;,
countmpp = €Xp (amp + an + by log distancemn + byPoliticalBorderpy + Umnp) (1)

We estimate this model by PPML using data on all triplets (m; h; p) for mint cell m in political
block p and hoard cell h, excluding combinations of mint cells and political blocks that do not
produce a single coin. The political border dummy is one if the region where the center of the
hoard cell h is located in has never and to no extent been under the political control of p.*"
Table 1 shows that distance and crossing a political border are both negatively correlated
with coin flows.” Columns 3 and 4 show almost identical results when using only gold coins,
only 7% of the coins in our sample, which were universally valued for their metal content and

were therefore particularly favored for long-distance trade. Column 5 and 6 also show similar

BEFLAME (2023a) discusses potential sources of biases, which also apply to our combined data.

19These are: Eastern Roman Empire, Roman Empire, Umayyads of Spain, Abbasids, Umayyads, Sasanians,
Fatimids, Western Roman Empire, Carolingians, Samanids, Visigoths, Ostrogoths, Merovingians, Vandals.

20See appendix A for our division of the combined Arab and Mediterranean world into 13 regions.

21The distance and border effects are robust to using only the intensive margin of coin flows, see appendix table
B.3. An alternative explanation for the border effect could be that coins are redistributed within a political
entity before entering circulation. Appendix table B.4 shows similar results for specifications with hoard
empire fixed effects, suggesting that this is unlikely.
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BM+HM/BMKIBBMiBK2 }t2/ 222+ib iQ +QMi"QH 7Q i?2 p2 :2 /Bbi M+:
+QBMb Q7 T iB+mH ~KBMi M/ Bbbm2X h?Bb bm;:2bib i? i QH/2" +(
7Q° KQ'2 i° Mb +iBQMb- 2 +? i FBM; i?2K 7m’i?2° rv 7°QK i?2B" KE

kkg2 + H+mH i2 i?2 2[mBp H2Mi ;QH/ r2B;?2i Q7 bBHp2' +QBMb BM irQ bi2ThX 6B b
+QBMb Q7 /Bz2'2Mi /I2MQKBM iBQMb BM Qm /i - MQiBM; i? i +QBMb 2 Q7i2M +t
UMb M/ o2HIXRX a2+QM/-r2 +QMp2 i i?Bb "272°2M+2 r2B;?i BMiQ ;QH/@2[mB
+QMbi Mi +QMp2'bBQM "~ iBQ Q7 Rk; Q7 bBHp2  7Q  R; Q7 ;QH/- Qm;? TT QtBK
:QH/@bBHP2 " iBQ #2ir22 NMORI;ERW SNK/ RQRE 2T 2b2Mib 3yW Q7 i?2 “2bmHiBM; p Hn
aBM+2 i?2 T'B+2 Q7 +QTT2 f# QMx2 ~m+im i2b 22 p'BM vEEy FB=M2XG8\2 MIfi B [QrlBli2 Ub:
/I2ZMQKBM iBQMb 7 2[m2MiHv i® /2/ ip Hm2b /Bz2 '2Mi 7°QK i?2B" BMi'BMbB+ K2i
:QH/ +QBMbX g2 HbQ MQi2i? i6G J1/Q2b MQi 2+Q / +QBM r2B;?ib- "2bmHiBM; E

KiIhQ BMp2biB; i2 i?2 BM7Q K iBp2M2bb Q7 +QBMb 7OXK QRT-b-i?Z VBMBL+2m
2H biB+BiB2b 7Q° Q7 +QBMb M/ QK M h2 " aB;BHH i +2° KB+b-i?2 QMHv i’/ #
bm#bi MiB H KQmMib Q7 / i 6HZ +fr B #MRUWKXq2 }M/ bBKBH * #mi bHB;?iHv ?B;?2"
2H biB+BiB2b 7Q  h2'" aB;BHH i - TQbbB#HvVv /m2 iQ +QBMb #2BM k&EBM; KQ 2 72
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h #H2 k, *QBM ;2 M/ /Bbi M+2 i’ p2H2/

.2T2M/2Mip "B #H2, GQ; .Bbi M+2 #2ir22M JBMi M/ >Q

URV ukvVv ujVv uov usv
GQ; ;2Q7 *QBM yXR9e yXy3jR yXyd9N yXRey yXy938
UyXy99V UyXykeV Uy y B W UyXykyV
a KTH2 LQMOQM@?Q /b LQMQM@7?Q /b
>Q /61 u2b u2b u2hb u2hb u2b
JBMi 8y@v2 @BMi2'p H61 u2b
JBMi k8@v2 "@BMi2°'p H61 u2b u2b
R? yXdek yX3ej yX3eWXdd8 yX3N3
P#b2°p iBQMbDb k3dk9j k3dykN k3e3ki§yR8e k9N3jy

LQi2th?2 /2T2M/2Mi p "B #H2 Bb i?2 HQ; /Bbi M+2 #2ir22M i?2 KBMi M/ ?2Q / HQ+ iBQMbX h?2 BM/2T?2
Q7 i?2 +QBM i i?2 / iQTRY7iP22 ?2Q “/ Ur?2°2 i?2 ;2 Bb /2}M2/ b i?2 /Bz2 2M+2 #2ir22M i?2 KB/TQBMi
BMi2'p H M/i?2 K tBKmK Q7 i?2 2M/TQBMib Q7 i?2 KBMiBM; BMi2'p HbVX AM i?2 ° "2 + b2b r?2°2 i?Bb
i?72?2Q "/ Bb/i2/iQ T 2+Bb2v2 'V r2b2ii?2HQ; ;2iQ x2'QX JBMib 2 B/2MiB}2/ b HH LQKBbK Q°
i? 0?2 p2 #22M ;2Q+Q/2/ iQUP2 B:IK22HHX *QHMKMb 9 M/ 8 2t+Hm/2 6G J1 }M/bi? i “2i ;;2/ b MQi #2B
ai M/ '/ 2°°Q b BM T “2Mi?2b2b- +Hmbi2 2/ pi<iPA02Q pLKHDH2 HXp < 0:01X

b2+iBQBb2Mi M:H2b i?2 K Mv i Mb +iBQMb Q7 QH/2" +QBMb 7 QK i?

h?2 ;2Q;° T?v Q7 +QBM ~Qrb +? M;2b b? "THv "QmM/ i?&BM HHQM[r
r2b?2Qr /2b+ BTiBp2b Q7 i?72 KQp2K2Mib Q7 +QBMbY/BHBMbDLG i2bM1B |
+? M;2b BM i?2 ~Qr Q7 +QBMb +°Qbb i?2 J2/Bi2°° M2 M #27Q°2 M/
S M®Hb?Qrb ~Qrb 7°9&y iQ ejyX *QMbi MiBMQTH2- h?2bb HQMB+ - _
M/ * “i? ;2 "2 BKTQ'i Mi KBMib r?2Qb2 +QBMb ~Qr +'Qbb i?2 2MiB"
7 QK * "i? ;2 +°Qbbi?2 b2 BMiQ1Im QT2- M/ +QBMb 7 QK _QK2 M/
7°B+ M/i?2JB//H2 1 DX Qr2MH 11?22 T ii2 " Mb Q7 +QBM ~Qrb "2 bi

7i2° dRj- #v r?B+? iBK2 i?2 ~ #b ? /| +QM[m2 2/ i?2 2 bi2"M J2/Bi2°
M/ BM+Hm/BM; MiBQ+?V-i?2bQmi?2 MJ2/Bi2"" M2 M +Q bi- M/ K(
JQbi +QBMb MQr ~Qr 2 bi iQ r2bi rBi?BM i?2 AbH KB+ * HBT? i2- rB
Q7 av'B - J2bQTQi KB - M/ 1;vTi- M/ rBi?BM i?2 6° MFBb? H M/b Q
+QBM ~Qrb 2K M iBM; 7°QK i?2 2K BMBM; "vx MiBM2 KBMib BM *Q|
Ai Hv "2 Km+? bK HH2  i? M BM?22bBHBER2  T2rBQBMb 7 QK i?2 KE
A7 B[Bv M/ H@ ## bBvv i? i2M/ mT BM i?2 ?2Q JHb*Q 7KAEHIM\R- M/ ai?2

k9h92 +?2 M:2b BM i?2 K :MBim/2 M/ HQ+ iBOM Q7 "vx MiBM2 +QBM T Q/m+iBQM
HBi2 i 2% NMRN¥Or b i?2}'biiQ :m27Q° /2+HBM2 Q7 "vx MiBM2 +BiB2b BM i?:
# b2/ QM “+? 2QHQ:B+ H2pB/2M+2X a2p2° H miP OV UKB \VHEDiv/IBRIN EeXH -
i72b2 +? M;2b iQ * # KBHBi: BT bABMM @R i2b i? i i?2 2 bi2 M KBMib Q7 LB+QK2/B
h?2bb HQMB+ - *vT mb- b r2HH b * i MB - r2°2 +HQb2/ BM ekN@ejy- #27Q°2 i?2
rb 2HQ+ i2/iQ *QMbi MiBMQTH2X L2p2 i?2H2bb- MmK#2 Q7 T'QpBM+B H KBMi
_QK2-"2K BM2/ +iBp2 mMiBH i H2 bii?2 KB/@3i? +2Mim v UBM i?2 + b2 Q7 av+
"?2H #B/bVX

RR



UV "27Q 20?22 " # +QIMJB\2@ ey

U#V 7i2 1?22 ~ # +QM[dRj@MNyYYy

6B:m 29, *? M:2b BM +QBM ~Qrb BM i?2 M+B2Mi rQ H/
LQi2bh?2 };m 2 b?Qrb +QBM ~Qrb- BM/B+ i2/ #v bi® B;?i HBM2- #2ir22M KBMib M/ }M/ bTQibX h?2 b

SQmMTb r?2°2 #Qi? i?2 HQr2  2M/ Q7 i?2 KBMI[BMiZp A M/HB2 #2022 M/ ejy UT M2H V/ MRj
M/ / Nyy UT M2H #VX >Q /b 7°QK QmibB/2 i?2 b? /2/ 2 "2 2t+Hm/2/X

i72°2 2 HKQbi MQ MQ'i?@bQmi? ~Qrb +°Qbb i?2 J2/Bi2"° M2 MX ¢
#2ir22M *?°BbiB MBiv M/ AbH K T'BK "BHvV/Q bQ BM i?8 idWgRbBi + (
kyROX TT2MXBt):m™2Xi M/ i #HST2b2Mi //BiBQM H 2pB/2M+2 i? i +
+ Qbb i?2 J2/Bi2°> M2 M /'QTT2/ 7i2 i?2 ~ # +QM[m2bib- M/ i? i.
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i?72 b2 "2TH +2 QK M +QBMbX .2bTBi2i?2 7 +ii? iBM bQK2 ?BbiQ"
1?72 J2/Bi2°" M2 Mi?2 06a2 Q7212 _KB® MWUBMN i?72 -~ # +QM[m2bib i
J2/Bi2°" M2 M #2+ K2- iH2 bir?2M Bi +QK2biQ +QBM*¥Qrb- M ~ #¢(

g?BH2 QMHV /2b+ BbiBp2b}pbm?2ii?2 -~ #+QM[m2bi +QBM+B/2/rBi?
+? M;2BMi?22+QMQKB+;2Q; T?2vQ7i?2 M+B2MirQ H/X h?2bi m+i
Bb/2bB;M2/iQ [m MiB7vi?Qb2 +? M;2bX

k JO/2H

g2 MQrBMi ' Q/m+2 [m MiBi iBp2 KQ/2H Q7 i /2-KQM2v- M/i?2/Bzm
7Q Kb i?2 # bBb7Q i?2 2biBK iBQM Q7 i /2 +Qbib- KBMiQmiTmib- 1
r?B+?r2 [m MiB7v +? M;2b BMi?2 M+B2Mi 2+QMQKB+ ;2Q; T?vX

q2 K F2 irQ F2v bbmKTiBQMbX 6B biHv- r2 bbmK2 i? i +QBMb °:
h?Bb bbmKTiBQM Bb M2+2bb "v 7Q B/2MiB}+ iBQM, B7 +QBMb r2°2
i* /2b-i?2M /i QM +QBMb rQmH/ MQi +QMi BM BM7Q 'K iBQM QM #B
+QBM ;2r brB/2bT 2/, b?BbiQ B Mbh72pkyMRIZ2URZRIM+2 Q7 KBH
Q7 +QBMb BM T '2b2Mi@/ v +QHH2+iBQMb UQMHV bK HH 7" +iBQM (
M/ BM+HmM/2/ BM Qm b KTH2V BM/B+ i2bi? i; 2 i[m MiBiB2b Q7 +C
i?2 iBKIWR2 T2 'BQ/ r2bim/v/Q2b MQiv2i72 im 2i?2rB/2bT 2/ mb2 (
7Q i /12X 6BM HHv-Qm  }M/BM; i? i +QBM KQp2K2Mib 2t?B#Bi bBKB
~Qrb HbQ bmTTQ ibi?Bb bbmKTiBQMX

Pm b2+QM/F2v bbmKTiBQMBbi? i +QBMb "2 7mM;B#H2X h?Bb &
#2BM; p Hm2/ 7Q i?2B T 2+BQmb K2i H+QMi2Mi- M/ Bb bmTTQ i2
rB/2 +B"+mH iBQM Q7 7Q 2B;M +QBMb M/ i?2 /Bb+Qp2°'vQ7 T 2+Bb2
IM2M2bb Q7 7Q "2 B2 MRANGERMI) UK Bk Fy\RX

kXR 1+QMQKB+ KQ/2H

a2i MTK?2 2 N2HQ+ iBQMbX hBK2 Bb /BU+BRIB{BM2M2+FERibX 1 +7? if
T2 'BQ/Bb /2+QKTQb2/ BMiQ i? 22 bm#@T2 BQ/b, #2:BMMBM ;- KB//I

k8 * T2 bBHE:2MRINMX 2 i F2i?2 ~ # +QM[m2bib b T QtBK i2 + mb2 7Q" i?2b2
MQi 1i2KTiiQ 2tTH BM r?vi?2 ~ #br2 2 bm++2bb7mHX h?2 +QKKQMHvV ?2H/ pB2r E
r> Q7 eyk@ek3 2t? mbi2/i?27Q +2b Q7 #Qi? 2KTB 2b M/ T p2/ i BRERNWYX ~ # KB
kel "HB2  r'Bi2 b- BMHHMRBWME r2 2 v2i mM r "2 Q7 i?2 p bi KQmMi Q7 +QBMb i?
mM2 “i?2/ 7°QK i?2 RN3y6b QMr /b i?"Qm;? i?2 mb2 Q7 K2i H/2i2+iQ bX

kKdg2 T°2b2Mi BM TT2MBRTH2 2ti2MbBQM Q7 Qm  KQ/2H rBi? #Qi? KQM2iBx2/ M
BMbTB RB#®i FB M/ dRBI¥X g2 b?Qr BMD2®PiBQM  2biBK i2brBi? M/ rBi?Qmi 2M/Q;
KQM2iBx iBQM "2 ?B;?Hv +Q "2H i2/X br2 "2MQi r "2 Q7 bvbi2K iB+ "2+Q /b Q7
G i2 MiB[mBiv-r2 QTi2/iQ mb2 DbBKTH2 KQ/2H rBi? MQ # i2° b Qm > # b2HBM2X

K& M/ H M/ ambBRNMdBb+mbb K2/B2p Hr2B;?2i M/ }M2M2bb K2 bm 2K2Mi i2+?MQ
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11?72 2M/ Q7 T2 1IBQIQ+ mBoQMo bRP+QBMb 7Q° +QMbmKTIiBQM M/
T2 B/ ii?2 #2;BMMBM{-QMT22B,.RMQmb /tf] ®IBIXM +QBMb BM i?Bb b
Sh[t] +2 b2biQ +B +mH i2-2Bi?2  HQbi Q  K2HAK/ B/Bi® @ M-bPQK2r HQ B N
QrM KBMi r?B+? 2tQ;2MQmbHvVv ;2M2° i2b 7°2b? M2t-MQEBMIOB 7 Bi Bbh

bbmKBM; i? i KBMiBM; Bb 2tQ;2MQmb K2 2Wb2@77 iKrB NKi@ N2 HUIR2B ; MB Q

#mi MQi+RMi AM i?2 KB//H2 Q7LJ[] B/@MiB+ HrQ F2'b b %] Q7 +iBQN

i?72B° +QBMb- M/ bT2M/i?2 "2bi QM +Q Mb[thX RIBTQM 2 MiHM / Ritth 2M/B it

+QMi BM bT2M/BM; QM HH ;QQ/b- TQbbB#HvV BM+HmM/BMs,[{]-TBi H ;C

bQH2HV + Tim'2bb pBM; BMiQ MQKBM H}M M+B H bb2ib U+QBMbV-
gQ F2' b7 +2i?2 7TQHHQrBM; #m/;2i +QMbi"  BMi-

Xaltl=(1 st (2 n[t)Snltl+ Ma[t] ; rBi8[t] O UkV

r72°2r2 bbmK2rQ F2'b + dMQIiGGR AQri?Bb 6+QBM@BM@ /p M+20

bmKTiBQM Bb }M M+2/ #v +m "2MiHv p BH #H2 +QBMDb-R"M/ MQi #v T°
i i?722M/ Q7 T2tBQF2°'b 2 "M + QKT 2wHt|Bop22HHERM; ;QQ/b BM 2t+? M

+QBMbX h?2 biQ+F Q7 +QBMb b2i bB/2 2pQHp2b "2+m bBp2Hv-

Snft+1]=(@1 o [thSa[t]+ Mo [tT+ wa [tILa ] Xn [t]: UjVv

h> /2XqBi?BM 2 +?2 T2 'BQ/ i’ /2 BblKI@/HER/ BHCEBMHMX *QMbmK2 b BM
HQ+ BIMM/ 7 +iBJQQW i?2B" 2tT2M/Bim 2b QM BKT-®i]-7 QK HQ +

Xi [t] _ (W= pdy [t])

=P uov
Xnltl 0 ("= doe [t])

ni [t] =

h* /2 b? "2b /2T2M/b QM “2H iBp2 7 +iQ" T B+2bV[]- 22+HBPB2vi@ME
T Q/m+iBpPHEY- "2H iBp2 #BH i2° ¢ []V2 MIHPR U /2 2H HiBHBiv U

AMi2 @i2KTQ  H HHQQR FRQMDX»2 HQ;@miBHBIiv Qp2° "2 H+QMbmKT

# O I l 1=
X Xn [

. _ X t
w=g e L creinis @ TVKZE[[lldnk[t] A

ed

kNg2 i?BMF ©@7BK "BHvV b +QBMb K2Hi2/ BMiQ #mHHBQM 7Q  i?2B T 2+BQmb K2i
iQ #2 "2@KBMi2/X PMHv bK HH 7> +iBQM Bb HBi2" HHv HQbi M/ #2+QK2b T i Q7
Vg2 T 2b2Mi 2pB/2M+28B @ H2+B-OMBi iBQM Q7 M+B2Mi KBM2  H /2TQbBib Bb bl
KBMiBM:X h?Bb bm;;2bibi? i HQr2 +Qbi Q7 KBMBM: Bb bbQ+B i2/ rBi? KQ 2 KB}
IRA7 i?Bb bbmKTiBQM r2°2 "2H t2/- H #Q  BM+QK2 UBM +QBMbV rQmH/ #mv 2tT 2\
BM+QK2 M/ #2 mb2/ 7Q  2tT2M/Bim 2b ; BM- 2i+- HH rBi?BM T2'BQ/X .i QM
BM7Q K iBQM QM i’ /2 ~QrbX
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Bb i?2 /Bb+QmM] i?22B/2 H T B+2nBM/2tM¥MBb +QMhli MiMJ M/
EQ imkKyykX 1 +? HQ+ iBQM +?2QQb2b b2[m2M+2 Q7 +QBMb biQ+Fb iQ
bm#D2+iiQ i?72 MQ #Q " Qr&M | 220Mb/i; 2 BMI M- i?BRMJTUBK HrBi?BM@T
HHQ+ iBQM + Q®XBKTMHpAb HBiv+QM/BiBQM T 2p2Mib ?2QH/BM:
2 0 13
max Etﬁx t|n%)(l n[])Sn[]"'Mn[]"'Wn[]Ln[]l: Sn[+1]£{Z3 Usv

fSnl 19 ¢ t k(Wk[]:rkl: []dnk[ )i

Sl +1] _

bX®X +1] wy[ ]Ln[ 1;8( t); M/I!ilm Xl ] =0:

a pBM;[U>0, S [ +1]>w,[]L,[]VBb mb2/7Q  +QMbmKTiBQM bKQQi?B

VM KB+ 2[mBHB#{B®MIKX 2 /2i2 " KBM2/ #v K "F2i +H2 "BM;- ;Bp2M i??2
W] 70K 2[m QMU i?2 +QBM biQ+F TR HB2 QKn2Nim i BROM U

X
wi [t]Li [t] = ni[t] (1 n[tDSaltl+ Ma[t]+ wa [tILa [t Sat+1] ;8(3it):  UeV

n

AM mb27mH #2M+2K "Fr?2°2 ;2Mi%[b] p2-HB AR #HMOBMN: bBKTHB}

X
wi [tILi [t] = ni [l (3 nltDwa[t Lo [t 1]+ My [t] ;8(it): udv

n

ai2 /v bi i2 2[mBHB# BmMK/X bi i2 r?22°2 HH p "B #H2b "2 +QMbi Mi
K2+? MB+b Q7 i?2 KQ/2HX A7 :2Mib +Q "2+iHv MIiB+BT i2 i?2v "2
+QMbmKTIiBQM bKQQi?BM; KGFKIBpMKQR=0 pBMws;L, + M, X A7 ;2Mib
BM+Q "2+iHv MiB+BT i2 b?Q+Fb M/ b p2 7Q T 2+ miBQM v KQiBp
2tT2M/Bim 2 M/ BM+QK2 ?QH/K, & fj;’b—i—QIIZ‘n-)wnLn+Mn) rBi?

1 8+ "nsn

—2 5 _ 1X 1[mMBHB# BmKr ;2b DQBMiHvV +H2 ~ K "F2ib ;Bp2M i?2 i /.

1 Sh+ nSn

X Wi:r_]-: d .
wilL; = ni (1 n)WnI—n +M, - M/ =P ( i 1_nl)
k(Wk:rk_ dnk)

n

; u3v

P P y
M/i?2 ;;°2; i2biQ+F Q7 +QBMb BM +B MpH iBQMIBK +QMbi Mi-

ikq2 2biBK E21:7% TX X Ub 2 XWeQ M2 BUYHRE + H+ s 15%c b€ =0:000255 0X

A7 ;:°2; i2 KBMiBM; BM+"2 b2b- MQKBM Hr ;2b rBHH BM+ 2 b2- H2 /BM; iQ ;HC
Pm  KQ/2H Bb M HXFHQbk@- rBi? i° /2 /2}+Bib M/ bm THmb2bX 1tT2M/Bim 2b K
i220° /2 /2}+Bi Q7 HQ# iBQMviLn = My  oWaly Bb 2[m HiQ i?2 M2i +2 iBQM Q7 +QB
MQM@KBMi HQ+ iBQM “mNDy <i0)/2Mm KBMbHQ+ iBQM "mMb i /2 /2}+Bi B7 KBM
2MQm;?-rBi? i H2 bi QM2 KBMi HQ+ iBQM r2 FHv "mMMBM; i /2 /2}+Bi 2 +? T2 E
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kXk .vM KB+ ++mKmH iBQM BM +QBM ?2Q /b

Pm> BK BbiQ K i+? i?2 [m MiBiB2b BM Qm  KQ/2HiQ Qm /i QM M-
BM7Q 'K iBQM QM KBMif?Q “/ HQ+ iBQMb M/ / i2bX hQ /Q bQ- r2 2tT
Q7 BM/BpB/m H +QBMb b i?2vi p2Hi?2 ' Qm:?i?2i /2 M2irQ FX

q2 /12MQiS#ft 1i?2 MmMK#2° Q7 +QBMb KBMiRiEBAXRB+2IBQM i Q7
i72 +QBM biQ+FiQ7iB&2 iB&W]= N, . Swmlt 1X *QBMb bi "ii?2B" 6+
HB726 r?22M i?2v ~ BKBMIi2MOX am#b2[m2MiHv- i?2v +B +mH i2 + (
bi?2v "2 mb2/7Q  i° Mb +iBQMb Q b p2/-

X
Smilt, +1]= (1 s[D@ W[ DSl T wl]1+s[1@ i[DSmiltt I: UNV

n=1
i iBK2-2 +? HQwn ?PBIQMIQ+F Q7 +QBMb b2i (bB&[X]) BBb riIBRIMQM ;QQ/b
UMQi b p2/VX P7 ifIQbR[N@RMb} r2°2 KBMi2/ BM H Qi+i BBIXM*QM @
bmK2 't BIW/ 7 +jijBQ®7 i?Qb2 +iQBMbviQQ  BKTQ i2/;QQ/bX q2 bbm
+QBMb "2 7mM;B#H2 bQ #mv2 b/ r(3QBMMPLi MPSkIt Mhi[ ]
+QBMb KBMi2/ BiM H{BHKIPBEQM2 7hQild i iBK2BM 2tT2+i iBQMX amKKIE
+'Qbb HH U+QBMV Q'B;BMb r2 /2 Bp2 i?2 JNbX iR MK L/BMBYMBEM 2] nt il
sif[] Q7 +QBMb Bb b p2/ HQ+ HHv M/ iI22ZKbRM® \BMi2 2KBEMI2XmgPBQM U
+ M 2tT 2bb i?2/vM KB+ 2pQHmMIiBQM Q7 i?2 +QKTQbBIiBQM Q7 +QBM
S[tt]=M[t] MBI[t;, +1]= S[t; ]( [D™[]1- M/ bQHp2Bi 7Q°r /-

|
Y1 '
S[ETI=M [] (1 [D~[] 8T t rBiZ[] (I s[])) []+s[]: URyV

=t

S[ttT] Bb i?2 b[d "8 K i'Bt Q7 +QBM b{(QHF 2 HRIRSMET]XM [t] Bb

/B ;QMN HN K i'Bt Q7 KBMiB'™M2 HRIKIZMiX Bb iR2 N B/2MiBiv K i"Bt M/
[1]Bb /B ;@MNHK i'Bt Q7 +QBMnfI QR KRiM]X"[] Bb i?2 b\n N2

K i'Bt- r?B+? ;Qp2 Mb #BH i2° H +QBM ~QrbX h?Bb]Bm: KM 2i8 QM
QF[]-i?2 /B ;MM K i'Bt Q7 M2i b pBM;n" i2h2rl8&M]- M/ []- i?2

i /2 K i"Bt (Bi" 2H2K2Mi]X 1[m iBRMW7® Kb i?2 # bBb Q7 Qm  2biBK |

"27Q°2 /2b+ B#BM; Qm" 2biBK iBQM bi’ i2:v- r2 BbQH i2 irQ Q B;

r?B+? ?2HTb ; BM BMimBiBQM QM ?Qr r2 + M 2ti’ +i BM7Q K iBQM
r?B+? +H "B}2b i?2 /BbiBM+iBQMb #2ir22M /i QM +QBMb M/ /i QM

*QBMb b K2/BmK Q7 2t+? M:2 p2 bmb bhQ22»Qy+F OF BX) 2 @
iBQRIW/Bzmb2b + Qbb HQ+ iBQMb MQi ++Q /BM;jiQ i?22 5 2 K2MB2/¢
i /2 K i'BX "Qi? K i'B+2b ? p2 HKQbi i?2 b K2 bi'm+im>2- rBi? QM2

Re



MMHBF2 ;QQ/b-? p2 M //BiBQM Hi2M/2M+viQbi vHQ+ HHv- #2+ m
Q7 p Hm2 7Q b pBM:X hQ K F2 i?Bb /BbiBM+iBQM 2tTHB+Bi- r2 /2+
b? 2 BMiQ i? 22 KmHiBTHB} RpEr2N W2 #BH () i Kb-

~ni[]:~n)|:<]7[]~ni[]; rBi? URRYV
~[1=1=  S%[1w[]l; S01= w[]=T"[1 ; M/
K 8
.._[]_(dni[]) <1 Brv= i;
A Gnl]) (@ slen() BWE

h?2 +H bbB® M M/FI)EQUkmkai‘ /2 Ki'B? b HKQbii?2 2t +i b K2 bi m+i
WS o ini-T?2°251= | k- i =(WSTT) - Mpi=(da)  =(dnn) 2 #mv2 -
b2HH2 - M/ #BH i2° Hi2 KbX AM$?20#8QDM*R QBb 20BM2-B/2MiB+ HX
sP>0i?2 ?2QK2 #B b 7Q° +QBMb ~Qrb Bb K ;MB}2/ +QKT “2/iQ i?2 ?QK
I1[m iIBQRW B?Qrb i? i +QBM M/ i /2 ~Qrb ? p2 i?2 b K2 ;" pBiv bi’
+QMbi Mi- bQ i? i +QBM ~Qrb M/ i?2 b pBM; " i2 "2 bm{+B2Mi iQ ~2+(

*QBM ~Qrb p2 ' bmb i /2h2QribX+QM/ F2v /BbiBM+iBQM #2ir22M +QBM
Bbi? i +QBMb /Q MQii> p2H Dmbi QM+2, i?2v K v #2 mb2/ 7Q  KmHil
i?72B° HB72X h?Bb Bb K /2 2tTHB+Bi #vi?2 T Q/m+i Q7 & mRK@Mi2/0 i’
Pm> bim+im"> H 2biBK iBQM mMT +Fb i?2 /Bz2 2Mi 2H2K2Mib Q7 i?.
H2p2® ;BM; i?2 Qp2 H TTBM; v2i /BbiBM+iBM7Q K iBQM +QMi BM2/ E
? p2i p2H2/i?2°Qm;? 72r p2 ' bmb K Mv Bi2  iBQMb Q7 i?2 06 m;K2Mi:

M Bp2 ;" pBiv 2biBK iBQM i? i +QK#BM2b HH +QBMb Q7 /Bz2 2M
/IVM KB+ M im 2 Q7 +QBM ~Qrb- rQmH/ MQi B/2MiB7v i?2 T ~ K2i2'b
Ki'BtX h?Bb + M #2 KQbi 2 bBHv b22M BM bi iBQM v p2'bBQM Q7
2ti2M/b iQ MQM@bi iBQM v+ b2bX AM bi iBQM "v X[nBB;B# BmK i?:
M/i?2i /2K i'Bt M/ d m;K2Mi2/6i /2 K i Bt 2 B/2MiB* HX M/ iBK:
h?2 /vM KB+b Q7 +QBM biQR¥bbBIK T2H B 7i\B BMIi Q

a
S[t;t+a]=S[a=M (I ) ;8(t;a); URkYV
bm+?i? i QMW ;i22 bX *QK#BMBM; +QBMb Q7 /Bz2 2Mi ;2b-r2 ;2i
X X a. 1

S[a]= M a ) = M1 (0 ) : URjV

a=0 a=0

h?2 b? "2 Q7 +QBMb 7' QK /Bz2 2Mi KBMi Q B;BMb BM /Bz2 2Mi /2b

Rd



6B;m 28, 6HQrb Q7 +QBMb Q7 /Bz2 2Mi ;2b
LQi2bh?Bb };m 2 T 2b2Mib MmK2'B+ H BHHmbi® iBQM Q7 i?2 ~Qr Q7 +QBMb Q7 /Bz2 2Mi ;2b b 71
2[m iBQMM WM/RINV- M/ i?2 i /2 KOV2HQWBKmMH i2 M 2+QMQKv rBi? 8y HQ+ iBQMb "QmM/ 2:mH * TQt
i2+?MQHAQ=vT;8n- i’ /2 2H biB+Bliv M/ My MMm H +QBM HQMWA7XiZBQ+ iBQMb 2 bvKK2i B+ bQ r ;2b
2 2[m HBx2/ M/ i /2 b? "2b bbBETHB)7VvIQ, (dw) X g2 T °~ K2i2{&x)2 = (TravelTimes p ) rBi?
=3:03 b22 Qm  bi'm+im’ H 2biBK iXQAQBWM ip2H2BK2b 2 QM i?2t@ tBbc M/ HQ; ~Qrb Q7 +QBMb Q7 /B:
v@ tBm(Sy [t+a]) 7Q° axX hQ 2 b2 +QKT "BbQMb-r1r2 MQ 'K HBx2 i?2 H ";2bi HQ; ~Qrb M/ bK HH2bi HQ; i
HH +m p2b bi i i Uy-yVX 6L Bp2HvS +QK#BMBM; +QBMb Q7 HH (J2bd BX2X)i'2 bBBIZ. B22G2QMIB27 BN
i /2 Ki'Bt- ;Bp2b KBbbT2+B}2/i p2H iBKRXRR GaBRHBBKQ2V- bm#bi MiB HHv=#26BXr i?2 i’ m2

i /2 Ki'Bt #mi QM i?2 G2QMiB27 BMp2'b2 Q7 i?2 i" (12 K)i, Bt /Bb+
a ) )'X h?2 "2 bQM Bb bBKTH2, M2rHv KBMi2/ +QBMb T2 +Q
M2irQ ' F-Dmbi bp Hm2 //2/ b?Q+Fb T2 +QH i2i2° Qm;?2i?2BMTmi@ !
g bbBHv G2Q HOBR2MBWIRNYX h?2 BMi2MbBiv rBi? r2B+? +QBMb ~Qr 7 (
iQ MQi?2 /2T2M/b QM #BH i2°  Hi /2 b? "2b- Dmbi b i?2 BMi2MbB
b2+iQ" z2+ibi?2 T Q/m+iBQM Q7 /QrMbi 2 Kb2+iQ b /2T2M/b QM ;
b K2 +QBM rBHH i° p2H KmHiIBTH2 iBK2b i?°"Qm;? i?2 i /2 M2irQ " F U
b?Q+¥- Dmbi bp Hm2 //2/i p2Hb KmHIBTH2 iBK2b i? Qm;? i?2 BMT
2p2°- mMMHBF2 BM +QMp2MiBQM Hbi iB+ KQ/2Hb Q7 BMTmi@QmiTmi
i?2°Qm;? i?2 bvbi2K- bBKBH " iQ i?2G/BM KB + K\QKB MR 7B
6B;m8BHHmMbiI™ i2b i?2 TQi2MiB H #B b 7' QK r QM;Hv BMi2 T 2iBM
M/ B;MQ ' BM; +QBM ;2bX gBi?BM i?2 }'bi T2'BQ/ Q7 i?2B" HB72- +(
BM };m8VX h?2 b K2 2H biB+Biv ;Qp2 Mb +QBM+IN/ i /2 (d)rbXx
AM i?2 b2+QM/ T2'BQ/ Q7 i?2B° HB72- +QBMb ? p2 i  p2HZ/BMB+2 i?°
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}im@&/X h?2 M2; iBp2 BKT +iQ7 i /2 +QbibQp2 b?Q i/Bbi M+2br2 F
/IBzmbBM; rBi?BM M2 "#v /2biBM iBQMbX b +QBMb ;2-i?2B" ~Qrb ;
222+i Q7 i /2 +Qbibc +QBMb /Bzmb2 i? " Qm;? i?2 i /2 M2irQ ' F M/ +(
/IBbi*B#miBQM Ub22 i?2 ~ ii2MBMPHbBRT2BUX7 M Bp2 2biBK iBQM mbeE
+QBMb Q7 HH ;2b +QK#BM2/- BX2X r'QM;Hv EMi2I' T 2iBM; b?2 G2QI
B7Bir2°2i?2i /2KIQBH/BM72 BM+Q "2+iT ~ K2i2'bX AMQm > MmK
bbmK2i? ii  /2/2T2M/b QMdy) pZTiRAkeHlimes,) -rBi? i m2 2H biB+Bi
=303-r2rQmH/ r QM;Hv 2biBK i2 RXRE$ BBH+BQV @QDTQM/b TT QtBK
i?72 /Bb+"2T M+Vv #2ir22M Qm" "2/m+2/@7Q K 2biBK RXBQKi#BWB M ; +C
M/ Qm  mT+QKBM:; bi m+jyBH24QBKn KMUK \OK T BRI /BE8M/ };m 2

"XD?2Qr '2/m+2/@7Q K 2pB/2M+2 bm;;2biBp2 Q7 i?Bb T?2MQK2MQWN
b2T "~ i2 ;" pBiv "2;"2bbBQRNb7® b+BM MHHR7 /Bz2 2Mi ;2b-i?2 2H biB
p Hm2 7 HHb iQr /b x2 Q br2 KQp2 7 QK vQmM;2 iQ QH/2  +QBMbX

i 1biBK iBQM
jXR J TTBM; i?2 KQ/2H iQ i?2 / |

hQ K Ti?2KQ/2H iQ i?2/ i -r2M22/iQ /2}M2i?2 2KTB B+ Ht+QmMi2"
HQ+ iBQMR-+QBM HQbMJ i2T ° K2i2 ' Bx2i /2 +Qbib b 7mM+iBQM C

.2}MBiBQM Q7 iBK2 T2 B.Q/d;Xi2 KBMi M/ ?2Q ITViZbky@v2 ~ BMi2 p F
M/ b?Qr "Q#mbiM2bb 7Q  b?Q i2° URy@v2 'V M/ HQM:2 Ujy@v2 "V

.2}MBiBQM Q7 HQg2BQMBIBQM i?2 rR=HBBMIRQMbX AM i?2 AbH KB+
i?2v +Q "2bTQM/ iQ ;;°2: i2b Q7 T'QpBM+2b QNiMRIKYN AM HPRT? |
QK M rQ H/i?2v "2 # b2/ T "iHV QM QK M T ' QpBM+B H #Q /2 b- |
TQHBiB+ H#Q /2 b UWX2 TT2M/Bt

bbmKTiBQM, +QMbi Mi HiBbD "+i@Mbi Mi HQ MY +i@QHH2+iBQM Q7 +QBN
i iBKI2rBHH ;> /m HHv /Bb TT2 > 7°QK i?2 KQM2# IvQOM B2 KX +iB@ ™
(1 ) 2K BMb- #t+RK27  +iBIQM)?>- 2i+X h?2 b K2 2tTQM2MiB H /2+ v 7
Mv bi “iBMt< N/ Bi 2QH/b 7Q  i?2  M/QK b KTH2 7QmM/ #v " +? 2QH!
i%Pm* KQ/2H Q7 ;" /m H /BzmbBQM Q7 +QBMb i?°Qm;:? i /2 M2irQ'F Bb BMiBK
/IBzmbBQM Q7 BM7Q K iBQM i?2 Qnt? MPW\2RBRirQ F BM

i186B:m8Bb bivHBx2/ 2t KTH2 rBi? bvKK2i'B+ HQ+ iBQMb "QmM/ “2:mH > TQHV:C
MQiiQ "2b2K#H2i?2 "2 H M+B2MirQ H/X h?2 T QB KB RXRIrERRH RMRBNBNVBY 2Mi2 H X

RN



HH i?2 +QBMb BM Qm" / i b2i- M/ 2tT 2bb i72 b2pBil QJ*+QBMb (
+Q "2bTQM/BMi#Q ;B ™M HQ:b- r2 ZiBK a2

Inf (a) = constant+In (1 ) a+"(a): UR9YV
g2 2biBK i2 +QBM HROWDT2i2vQ 7jy\@ 'Qp2" ky V2 yd-=0:3 %

S K2i2'Bx iBQM Q7 i  /2QddmX2i? i #BH i2° Hi /2 +Qbib b+ H2/ #
2H biB+B2v 7mM+iBQM Q7 U/B 2+i2/V #BH i2° Hi p2H iBK2b- M/
TQ iBQM HT2M HivBM+m "2/ r?2M + QbbBM: TQHBiB+ HQ  "2HB;B(

In (dyi [t]) = 9 In(TravelTimey;) URS8YV
pol: P oliticalBorder y; [t] rel: ReligiousBordery; [t];8(n 6 i;t):
g2 MQ K HB[K2= 1;8n;t; b BMIiQM M/ EQUmPEKX h?2 +QMbi/Minbib
i° p2H iBK2 mMBib- M/ ;Qp2 Mb i?Zjd’?QQgi;ZB#bBZIBiB’M‘i‘ b2XH ~ Q° p2+
/IBbiBM;mBb?BM; i?2 2 bi2 "M-r12bi2 M- M/rd2ABEE; W2 NEBD@B M2 b-
Qm ™ # b2HBM2X 6 QK Qm 06 m;K2Mi2/6 i /2 KQ/2H-r?B+? /2b+ B#?2
i~ /2 M/ b pBM;-r2/2°Bp2i?2 #BH i2° H /2i2,KtB BIMVZ bnQ iMBRM WM ~Qrb
In i [t] =~o In(TravelTimey,;) UReV
poi: P oliticalBorder ,; [t] rel: ReligiousBordery; [t];8(n 6 i;t);

MMnt]=21;8(n;t) X h?2 #BH i2° H /2i2 KBM Mib Q7 2djRD)M-HNM/ A2QBQI b -

~Qrby[t]- QMHV /Bz2  #v KmHIiBT&PB%- i/iBp2 ilg+bHpB-M ;X :Bp2M rBi?BM
+QBM —QIfh-i?Bb b+ H K Tb BMiQ i?2 b pBM; " i2b-

Shft]=~m[t] 1 e° ©: URdV

ieq22 TT2MXBM/ i #HM2& Q"  7Q K H 2biBK iBQM "2bmHibX Pm" 2biBK i2b Q7 M M
RXdW "2 2K "F #Hv bBKBH ~iQ i?Qb2 2biBK i2/ #v MmMKBbK iBbibX 6Q° QK M iBlI
2biBK i2b "2 #v * r7Q'/ M/ >QTFBMb- ©F KMBANDY M M K @BW ¥k 2T Q ib 2biBK i2b

Q7 kW 7Q° _QK M iBK2b UR8y .V- M/ RW 7Q  AbH KB+ iBK2b U3yy .VX h?2b2 MmK:
KBMi QmiTmi 77QK BM7Q K iBQM QM i?2 MmK#2> Q7 /B2b i? ir2°2 mb2/iQ KBMi +(
#v 2biBK i2b Q7 i?2 p2° ;2 MmK#2 Q7 +QBMb i? ir2'2bi'm+F rBi? QM2 /B2X h?2 +
2 °2[mB 2/ 7Q  i?Bb T°Q+2/m 2 '2-7?Qr2p2 - QMHv p BH #H2 7Q° bK HH bm#b2
ldpm™> T ~ K2i2'Bx iBQM 7Q " i’ /2 +Qbib Bb TQi2MiB HHv BM+QMbBbi2Mi rBi? i?:
#2+ mb2r2 +QKTmi2 QTiBK Hi® p2H "Qmi2b QM+2-rBi?Qmii FBM; BMiQ ++QmMi i~
TQi2MiB HHv KmHIBTH2 #Q /2> + ' QbbBM;bX AM T +iB+2-i?Bb /Q2b MQi? TT2M, |
+Qbib BM 2[MEBQWIMRIi #2 HQr2 2/ #vi FBM; HQM:;2' "Qmi2 pQB/BM; mMM2+2bb

Ky



~n[t] +OMi"QHb i?2 ?2QK2 #B b1BM +QBMDmbi 7Q" i?2 /Bb+ 2T M+v U
b pBME]V #2ir22M i?2 ?2QK2 #B b BM +QBWbMI; PR2?DEKL2#/B b BM i |/
U:Qp2 M2V AM i?2 #b2M+2 Q7 /B 2+i 2pB/2M+2 QM M+B2Mi i |
2biBK §X AMbi2 /-r2 47Q®&biz? M p2 ;2 M+B2Mib pBM:  i2 BMiQ M
Q7 RX8W DBKZKWX h?Bb 2biBK i2/b pBM:;b " i27Q° QK MiBK2b Bb HBE
7Q° G i2 MiB[mBiv-r?2°2 T QT2%iv B:?ibr2°2r2 F2° M/ +QM~B+i K

h™ p2H iIBK2ZHX+QKTmi2 UQTIiBK HVi® p2H iBK2b ;Bp2Mi?2i° MbTQ' i
MQHQ;vr2 mb2 irQ ;2Q@bT iB HKQ/2Hb +QMbi m+i2/ #v ?BbiQ B M
Ki2b Q7 Ub?Q i2biV /Bbi M+2b-i" /2 "Qmi2b- M/ i akZ?2Qb¥B h?2 } |

/B 2+i2/ ;> T? Q7 +BiB2b M/ i° /2 "Qmi2b Q7 i?2 QK M rQ H/ UBX
MQ i?7@r2bi iQ 1;vTi-S H2biBM2- M/ av'B BMi?2 bQmi?@2 biV HQ
i~ /2 +Qbib- BM KQM2i "v mMBib M/ mMBib Q7 iBK2- HQM; i?2 2/;2b
Q7 b?Q i2bi T i?bX h?2 b2+QMAOBbMB @ 4vh/-dd3i8 /B;Bi HBx iBQM ¢
i?72 iHbQ7i?2 AbH KBE ¢/fIRNY¥YjQ7?B+?- bBKBH "Hv- +QMi BMb i?2 +
+BiB2b M/ i' /BM; TQbib +QMM2+i2/ #v i /2 "Qmi2b- #mi rBi?Qmi 2b
+QK#BM2 i?72 MQ/2b Q7 H@4m  vv- M/?RBURDREID K2 PMY/QHQ ;v 7 Q
P #Bb iQ + H+mH i2 i° p2H iBK2b 7Q  i?2 AbH7IOB+2iQBHbONVX22 TT2M]

6B;meb?Qrb i?72 +QK#BM2/ ;" T?X g2 p HB/ i2i?2 2bmHIiBM; i p2l
i?72KiQi?Qb2 "2TQ i2/#vi?2 Ryi?@+2MiHn@V m [# \RMUD22 TT2M/Bt
"XdM/ };m"XgX 6Q° 2 +? "2;BQM-r2 + H+mH i2i?2r2B;?i2/ p2° ;2 Q7
i?72b? "2bQ72 +?HQ+ i BQMBMiQi H+QBM QmiTmi br2B;?ibv M/ T
i?72;° T?2X h?2b?Q i2bii” p2HiBK2 #2ir22M i MJ BOVY mH iBX 22 I B MB
K2 bm Zr@e@lTime, X

SQHBIB+ H M/ "2HB;BQmb+#@Mh2 " mX¥i TQHBIB+ H#Q /2 M/ "2HB ;B!
KB2b #v +Q/BM; i?2 bi i M/ 2M/v2 b Q7 i?2 T 2b2M+2 Q7 TQHBIB+
b 2R oliticalBorder ,i[t] iQ QM2 B7 i?2 b2i Q7 TQHBIB+ H2MiBiB2b i? i Q++m
1?72 "2;BQMb 7Q bQK2 T "1 Q7 i?2 ky@v2  iBK2ReNidusBoitleB,{tyBbD QB N
+ Tim 2b i?2 #Q /2" #2ir22M i?2 2K2 ;BM; "2HB;BQM Q7 AbH K M/ i?
irQ Hi2 "M iBp2 bT2+B}+ iBQMbX h?2 }"bi bT2+B}+ iBQM Bb /mKKyv
2MiBiB2b BiM "2;BEHMKB+ MiMQMQ BB +2 p2 b X h?2 b2+QM/ bT2+B}
# b2HBM2 /BbiBM;mBb?2b i?2 2 bi2 " M- r2bi2"M- M/ J2/Bi2°" M2 M #
2 MH M/ #Q /2 Bb #2ir22M i?2 "vx MiBM2 ?2 "iH M/b M/ i?2 * HBT?
i?72 r2bi2" M H M/ #Q /2" Bb #2ir22M H@ M/ Hmb M/ [mBi BM2 Q 6°
J2/Bi2°° M2 MK "BiBK2 #Q /2  Bb #2ir22M HH Qi?2 "2;BQM T B bX

kR



6B:m 2 e, h?2 +QK#BM2/ :2QbT iB H KQ/2H

LQi2bh?2 };m 2 b?Qrb i?2 +QK#BM2/ ;2QbT iB H KQ/2Hb 7°QK P #Bb M/ H@4m  vv-- HQM; rBi? Qm" |
#HmM2 U 2/V BM/B+ i2 7 bi2°> UbHQr2 'V i® p2H bT22/bX

*QBM ?2Q / /i ;2M2  iBM: TgR+BbmX2 i? iQm  ?2Q M/ Bbb2iM/QK

b KTH2 7°QK i?2 biQ+Fb Q7 +QBMb BM 2 +? "2;BQM M/ T2 BQ/X g2 ;"
M/ T2 BQ/HyB]2?2iQi H KQmMi Q7 +QBMh 7N)/m¥Wh/ BRI/~ 2T B |-
?B+?r2 /2+QKTQb2 BMiQ +QBMTIvViP2b KI@iMi Q7 +Q B Wb KiBWi2/ BM
t rBi?BM i? i 2Q /X Pm " M/QK b KTHBM:; bbmKTiBQM K2 Mb i? ii?2
ivT2b rBi?BM ?Q “/2[m Hbi?2b? "2Q7 +QBM ivT2b rBRABM +QBM

Hon [6ET] _ Smn [6T].

S THa M T ST

UR3V

br2/Bb+mbb BMb2+PB@QMMBXx2 i? ii?2 T ' Q# #BHBivi? i +QBM 2M/b
Kvp 'v#2ir22M "2;BQMb M/ T2 'BQ/b-/2T2M/BM; QM r?2i?2° +QBMb
i?2 ;°QmM/- 7QmM/ #v "+? 2QHQ;Bbib- M/ /Q+mK2Mi2/ #v 2tT2 ibX
QM i?2 b? "2b QFi?R®Mbb- r2 +QM/BiBQM QM i?Qb2 2p2Mib #2BM; "2
/IQ+mK2Mi2/V- M/ r2 Tm ;2 Mvp 'BiBQMBM i?2F Q# #BHBiv Q7 i?C

TT2M/BT "2b2Mib bm;;2biBp2 2pB/2M+2 BM bmTTQ i Q7 Qm ™ = M/C
I3Pm> bbmKTiBQM Q7 ° M/QK b KTHBM; rQmH/ #2 pBQH i2/ B7-7Q 2t KTH2- ?Q

r2°2KQ 2 HBF2HV iQ #2 /2b+ B#2/ BM i?2 HBi2" im 2X h?Bb +QM+2 "M Bb KBiB: i2/
r2 bim/v "2 +Qp2 2/ #v + i HQ:m2b Q7 +QBM }M/b i? i b22F iQ 2t? mbiBp2Hv /2b+"E

k k



6Q  2B:?i 2TROBIQ/brBi? i?2H ;2bi MmK#2 Q7 +QBMb M/?Q “/b-r2"
BMirQ bm#b2ib- M/ +QM} K i? ii?2:;2Q; T?B+ U/QK2biB+ pb 7Q 2B
+QBMb BM 2 +? bm#b KTH2 Q7 ?2Q T/ BE)?BK bi 2BBHQBA# HHv BM/BbiP
Ub22 i "#MX g2 7m i?2 b?Qri? i 7Q° HKQbi HH ir2MiT2B3Qi/B-B?12 Q7
:2Q;  T?B+ U/QK2biB+ pb 7Q 2B;MV M/ :2 /Bbi'B#miBXBI®/Q7 2QB \
bi iBbiB+ HHV /Bz2 2Mi 7" QK 2"XERIiIF2BbmM2:i28H2i? i 7Q /b rBi?BM

T2'BQ/ mMMBi Q7 Q#b2°p iBQM +QMi BM bBKBH "BM7Q K iBQM #Qn
r?BH2 2Q /b BM /BbiBN2+BQ2:B®MBib Q7 BM7Q K iBQM +QMi BM /BbiE

*QBM ++QmMgBRNM;EX2 irQ /Bz2 ' 2Mi ++QmMiBM; K2i?Q/b 7Q  i?2 KQm
?2Q /Hmn[t;T], 2Bi?2° i?2 +QmMi Q7 +QBMb +QK#BMBM; HH /2MQKB
p Hm2 Q7 ;QH/ M/ bBHp2® +QBMb ++QmMiBM; 7Q  r2B;?i- /I2MQKB N\
b2+iBRUM22 7QQkVMQi22i BHb QM +QKTmiBM; "2H iBp2 ;QH/ M/ bBHp
mMM/2i2"KBM2/ +QBMb M/ # QMx2 +QBMb 7Q r?B+? "2H iBp2p Hm2b -
/IQ+mK2Mi2/X 1 +? K2i?Q/? b /p Mi ;2b M/ / r# +FbX IbBM; +QmMib
Q7 /i r2/Bb+ /-#mi B;MQ 2b "2H iBp2 p Hm2bX IbBM; p Hm2b Bb +
+QBMb "2 7mM;B#H2-#mi 7Q +2b mb d®@ WBD #? 2/ BQBNDb KB MBQiM QM b 2
mb2 +QmMib bQm  # b2HBM2- M/ T 2b2Mi Q#mbiM2bb mbBM; p Hm

iXk 1biBK iBQM K2i?2Q/

g2 2biBK i2i?2bi'm+im> HT ° K2i2°bQ7Qm  KQ/2H #v K tBKmK HBF?2
b KTHBM; bbmKTiBQMREM 21 TIBQRAM#BHBIv Q7 ;Q#bRTHBM,

+QBMb KBMi2/ BM /B z@odNi 12 BQMOUMUIBIBWK 2bQM ; 1?2 HRITIHHQBMb
rBi?BM ?Q '/ #m B2/ BMBKR2BIWNBb KmHIBMQKB H- M/ 7mM+iBQM Q

Hi [T]! Y o s [tT] Hme T
moto T Hmo;h [tO; T]I mt T Sh [T]

Pr( ;Hmn[T], )= Q

Ai /2T2M/b QM i?2 KQ/2H T > K2i2 b i?2°Qm;? i?8mTtT24B+X2hP2DBM b ?
"2 :Qp2 M2/ #vi?2 +QBM ~Qr "2RNM:LBP 2 OBMiBQMoU iBRW2[MBBDYM U
[2T2M/ QM i?2 +QBMWHQMU i2i2#BH i2° H/2i2 ' KBM M bbXQq2-+HQQBHH 2 @ir t
HH T > K2i2'b BM i22ip246i@BM; M/ i /2 +QbibyF > K412 Mige:

7°QRY- iBK2@p "vVBMW,[KEMQBAMMI- M/ iBK2@p "vBM:; HOHHQKRIE-KDb

= ~0;; pos Rel;( SMnltli ignetses (5 Tl Dnenets

K]



br2i ;2i +QBM b? “2b rBi?BM ?2Q /b-r2 + M M2p2  "2+Qp2  i?2iQi |
Qp2 jky@N8yX g2 MQ K HBxAtKBMDTRITMi "#Bi" g Y;BQM?2 "M
Ai HVV M/ T2UBKY/@j9yV X aBKB2HH HBEREOHRH V2 Kb K ii2° 7Q° +QBM ~Q
rBi?BM 2 +? T2 BQ/- bQ,2{]M QOOKStHBQR2 "2 X M

hQ 2biBK 22 K tBKBx2 i?2 HBF2HB?QQ/ Q7 Q#b2 pBM: Qm  +QBM

X X X
b = arg max Hon [6T] NS [ETIC ) In Sen[t2TI( ) :  URNYV

hT mt T moto T

:Bp2M i?Qb2 bi'm+im"> H 2biBK i2b- r2 "2+Qp2 "MBMT #BKRi2> H i /2 +
U/BbiBM+i 7 QK i?2,T.QpR2MBM; #BH i2° H +QBM ~Qrb BM i?2 T 2b2M
2[m iBE@M WM/ M p2° ;2 M2i M+B2Mib pBM;  i2BMIBKkI@BMb Q7 RXS8

h [
oSt 1 e° ° Eny ~m[t] =0:015 UkyV

gBi? i7Qb2 2biBK i2b-r2 + M 2+Qp2° HH 2[mMBHBRRBmMK p "B #H2b U

A/2MiB}+ iBGEMIX2b2Mi M bvKTiQiB+ B/2MiB}+ iBQM T°'QQ7 M/ 2tTI
}MBi2 b KTH2 mbBM; MmK2 B+ H bBIKnmh? 2EBQR2Ni B M- TBIQM /BT i?72 i [/
T K2i2°'b Bb "2H iBp2Hv bi® B;?i7Q ' r "/, #v +QK#BMBM; i H2 bi irQ
?Q /b-r2+ MBbQH i2 #Qi? KBMiBM; M/ #mv2 i2 ' Kb BMiQ +QBM Q|
BMiQ +QBM /2biBM iBQM }t2/ 2z2+ib- M/ 2biBK i2 i?2 #BH i2° H /2i:
imBiBp2Hv- i?2 "2H iBp2 7°2[m2M+v Q7 +QBMb Q' /Bz2 2Mi Q B;BMb
#BH i2° H+QKTQM2Mi Q7 +QBM ~QrbX a2T " i2Hv B/2MiB7vBM; KBN
#Qi? #2+ mb2 #v mbBM; QMHv +QBM b? “2b rBi?BM ?2Q /b r2 /Q MQi
i?72 2H iBp2 b+ H2 Q7 KBMiBM; 7" QK /Bz2 2Mi 2;BQMb- M/ #2+ mb?2
QM2 T2'BQ/ #mi #2+QK2b BM+QK2 BM i?2 M2ti M/ i?2°27Q 2 ;2ib D
;Qp2 M2/ #v i?2 b2HH2 i2°'KbX *QK#BMBM; BM7Q K iBQM 7' QK ?2Q |
i? M 2;BQMb M/ i?2bi'm+im 2 Q7 i?2KQ/2H HHQrb7@ #?2 F+HQRI@B M
THB+ iBQM "Bb2b rBi? bT "b2 /i -r?22 K Mv Q#b2 p iBQMb "2 x2°
bm;;2bi i? iQm > 2biBK iQ™ "2+Qp2 b FMQrM T ~ K2i2'b ++m” i2Hv 27
i? i KBbbT2+B}+ iBQM #B b2b K v 2tBbi #v "2 mMHBF2Hv iQ #2 H ;2

iXj S K2i2° 2biBK i2b
M+B2Mii /2 +QbitbD?Qrb i?2 2biBK i2b Q7i?2T ~ K2i2 b :Qp2 MBM

+QbibX *QHMKM k- r?B+? /BbiBM;mBb?2bi?2 "2HB:BQmb #Q /2  BM i
BMi?2 r2bi UBM M/ Qmi Q7 H@ M/ HmbV-Q  Qp2 i?2J2/Bi2" > M2 M
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h #H2 j, "BH i2° H/2i2 ' KBM Mib Q7 M+B2Mii /2

GQ; h /2
URV ukvVv
GQ; h® p2H hBK2 @kXN3 @jXyj
UyXykV UyXykV
SQHBIB+ H"Q'/2"° @yX]j @yX9N
UyXykV UyXykV
_2HB;BQmb "Q /2" @9Xy8
UyXRRV
_2HB;BQmb "Q /2", 1 bi @RXNd
UyXRkV
_2HB;BQmb "Q /27, q2bi @9X8N
UyXkkV
_2HB;BQmb "Q /2", J2/Bi2°" M2 @8Xk
UyXR3V
a KTH2 HH HH
*QBM ++QmMiBM; LmK#2° LmK#2°
P#b2 p iBQMbDb 9-9Rj 9-9Rj

LQi2th?2 i #H2 b?Qrb 2biBK i2b 7Q  i?2 i /2 +Qbib T * R GSHM B{E+i BQR U2 6 Bb QM2 B7 i?2 b2ib Q-
2MiBiB2bi? i Q++mTv i H2 bi bQK2 T "iQ7i?2 2;BQMb /m BM; i?2 ky@v2 " iBK2 T2'BQ/ "2 +QKTH2i2F
+QHMKM R 6_2HB;BQmb "Q /26 Bb QM2 B7 HH TQHBiB+ H 2MiBiB2b BM QM2 "2;BQM 2 AbH KB+ M/
X2 'Q Qi?2 rBb2X AM +QHMKM k- Qm" # b2HBM2- 6_2HB;BQmb "Q /2", 1 bio Bb QM2 Bz i?2 "2HB;BQmb #
H@ M/ Hmb M/ [mBi BM2 Q" 6° M+B f:2°'K MB - Q" pB+2 p2°b ¢c 6_2HB;BQmb "Q /2", q2bié Bb QM2 Bz
QM2 M/i?2 2;BQMb "2i?2 "vx MiBM2 >2 “iH M/b M/ QM2 Q7 i?2* HBT? i2 "2;BQMb 2 bi Q7 1;vTi- Q" |
J2/Bi2°° M2 M6 Bb QM2 7Q° HH Qi?2" "2;BQM T B b r?2°2i?2 "2HB;BQmb #Q /2" /ImKKv Bb QM2X 6P #k
Q#b2'p iBQMBT ) BM i?2 HQ; @ HBF 2 HB RMII?2[ W, iHIM>U0X a22 TT2M/Bt KKWH2 i?2 b2MbBiBpBiv Q7 Qm"
2biBK i2b iQ Hi2'M iBp2 +QBM ++QmMiBM; K2i?Q/b M/ /2}MBiBQMb Q7 T2 'BQ/ H2M;i?bX bVvKTiQiB+

MQ'i?2 "M b?Q 2-Bb Qm  # b2HBM2X g2 /Bb+mbb i?2 "Q#mbiM2bb Q7
++QmMiBM; K2i?Q/b M/ iBK2 ::"29X8QMb BM b2+iBQM

AM Qm > bBKTH2 bT2+B}+ iBQM U+QHmMKM RV- i?2 2:98AH KRK2 2 H
yXykBb bQK2r? i H “:2° #mi +HQDb2 iQ i?2 kXy8@kXe3INC+MB 22Q 22 i B
Kykk mbBM: #BH i2° Hi’ /2BMi2 > bB:BHH i BM M+B2Mi QK2 M/ Q
QK Mi> MbTQ'i iBQM M2irQ F- M/iQ i?2 RXN JBDbK MpHR2+2H RAB +Biv 7
mMbBM: K2 +? Mi "2+Q /b BM ""QMx2 :2 M iQHB X h?Bb bBKBH "Biv
i2Qm:? T 'iBH M+B2Mi i> /2 /i Bb 2 bbm BM:- b r2 /Q MQi mb2
QM i° /2- #mi QMHvV BM/B 2+i BM7Q K iBQM 7 QK +QBMbX h?Bb i
Hi2 M iBp2 bT2+B}+ iBQMb 7Q" i? 302 pB;@O8VBMQ+ (PH B KM Kp2 bmb

AM Qm> bBKTH2 bT2+B}+ iBQM U+Qk)n KM RAH B CRQIGHOBIB+ H
2z2+ib "2 H :2-#mi Q7 i?2b K2 K :MBim/2 b 2biBK i2b 7Q  KQ/2 M
i° /2 2H DiBEMBWBKQMQpbF MKkgRV:1?2Qb2 +Q " 2b BOM/@Q HQ 2K
i t7Q  + QbbBM; TQHRBLB=Hn#0Qer2> U1.08V- MRAW i t 7Q  + QbbBM;
"2HB:BQOmbl#RQA2n. U= eri=  275V- Q7 i?2 b K2 K :MBim/2 b i?2 2bil
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6B;m 2 d, 1biBK i2/ KBMijkKyr@i N gy -
LQi2h?2 };m 2 b?Qrb i?2 2biBK i2/ MQBMQMBRAI?Q BXxQMi H tBbVn MhbB,BQQ@M ™ # b2HBM2 bT2+B}+ iE

BM +QHMKM k Q7 MH#HDF2M /QrM #v i?2 TQHBiIB+ H 2MiBiB2b i? i HQ+ iBQMb 2 ii? i iBK2 T BK 'BH\
mMBib "2 "2H iBp2iQ MQ'i?2 M Ai Hv BM jkKy@j9y- r?B+? r2 MQ K HBx2 iQ ? p2 KBMi QmiTmi Q7 RyyX

ONW +Qbi Q7 + QbbBM: i?2 KQ/2 M MA/@*b IM ¥IQ b/ 21 &WBWMNYR QT

.BbiBM:mBb?BM:i?22 bi2"M M/ r2bi2 M H M/ #Q /2 b7 QK i?2J2/
/2> U+QHMKM kV /Q2b MQi z2+i Qm  2biBK i2 Q7 i?2 TQHBiB+ H #Q"
UyXj p2 bmb yX9N BM +QHMKMbQRIp2Q@map 2KV 2p2 H /Bz2 2Mi 2biBK
iB2b bbQ+B i2/ rBi? + QbbBM: 7°QK AbH KB+ iQ MQM@AbH KB+ "2;
Bb bi’QM;2bi 7Q" + QbbBM; iBB%I2BRM/ MMZQM i?2 r2bi2 M #Q /2" 7°
H@ M/UYPE4:59 M/ HQr2bi 7Q  i?2 2 bi2 M #Q /AUEREMIP7TWx MiBmK

Pm> bi'm+im> H 2biBK iBQM +QM} Kb i?2 2/m+ 2 hQ@XK#IPB22 B |
M/ Qmi Q7 AbH KB+ "2:BQMb #2+ QK2 2 @BiHBQ 7 iQb-H &b

JBMiBM; QmiBBi¥dB?Qrb 2biBK i2b Q7 KBMi QmiTmi #v "2;BQM M/ iB
2biBK i2b HBM2 mT rBi? b2p2° H T ii2 "Mb /2b+ B#2()BiN 272 MhBWED K
Q7 KBMi QmiTmi BM i?2 r2bi2 M J2/Bi2 > M2 M 7QHHQrBM; i?2 /2KBb
BMi?2 H i2 8i? (i2MisnH¢:2 /2+HBM2 Q7 "vx MiBM2 KBMi QmiTmi BM |
2b6 Q7 i?2 3i? (iaMPR We/m HBM+'2 b2 BM ~ # M/ 6 MFBb? KBMi
7°QKi?2 H i2di? +2Mim vX AKTQ i MiHv-r2 2 M QibKR KXHBW+BN:MiB N
QmiTmi 7°QK i?2 "2H iBp2 b? "2b Q7 +QBMb 7°QK /Bz2 2Mi KBMib +

INM/2°bQM M/ p M qBMANQIDTBK i2 i? i iexpelBh 5iBK2b H ;2  rBi?BM i? M #2ir22
i721a M/ * M / X 6@ Bi +Q " 2bT QuMid=il@.n = €594 1:49- 49% /@p HQ 2K #Q /2" i tX

ke



/m2 7Q° BMbi M+2 iQ /Bz2 2MiB H ?Q /BM; T ii2 Mb Q" ?2Q / }M/BM;

a2HH2 2 KBXH bib2iQ7 2biBK i2b-i?2b2HH2 i2 Kb-+QMi BM +QK
7 +iQ> T'B+2b M/ iZfPMQHQ=VE [t) X h?Qb2 i2 Kb "2 MQi "2 /BHv
T 20 #H2 #2+ mb2 7 wiQV T"B2RBQ;2MQmb M/ /2T2M/ QM HH Qi?2° T
bi'm+im2Q7Qm  /VM KB+ KQ/2H Q7 i /2 M/ +QBMb HHQrbmbiQ b2’
P B #H2b 7°QK Qm T ° K2i2 2biBK i2b- B NMEHR/EMm i QBM 2 {T XB + 2

9 h /2 M/i?22M/ Q7 MIiB[mBiv

AM i?Bb b2+iBQM-r2 } " bi 2tTH BM ?Qrr2 + M "2+Qp2 i /2 M/ 2 H
Qm T  K2i2 2biBK i2bX g2 i?2M T 2b2Mi ;" MmH "~ 2pB/2M+2 QM i?2
M/ +QMbmKTIiBQMX g?BH2 i?Qb2 }M/BM;b "2 KQbiHv /2b+ BTiBp2-i
M+B2Mi +QBMb- M/ KQ 2# Q /Hv [m MiBi iBp2/vM KB+ KQ/2H Q7 i
+? M;BM; 2+QMQKB+ ;2Q; T?vci?2v HbQBM7Q K M/ +H "B7v +iBg

9XR _2+Qp2'BM; i /2- MOKBM H BM+QK2- M/ 2 H +QM

1p2M i?2Qm;? r2 QMHv ? p2 /i QM +QBM ?Q '/b- i?2v BKTHB+BiHV
T'Q/m+iBQM- i /2- M/ 2M/Q;2MQmb T'B+2bX 6 QK i?Qb2 /i r2 + M
#H2b mbBM; bQH2HV Qm T * K2i2" 2biBK i2b-i?2 bi'm+im 2 Q7 Qm
T K2i2-i?2i° /2 2H biB+Biv- BB BBEWDDDLIR Mky RVEX?

:Bp2M i?2 HQr b pBM;b " i2 URXS8WaTX2RKYRK-TrAi ZIT#WQtBK i2 Bi iQ
X2 °Q iQ bBKTHB7v i?2 H;2# - #mi MQi2 i? i Qm > K2i?Q/ 2ti2M/b iQ T
B/2MiB+ H “2bmHibX h?2 BM?2°2Mi bT "bBivQ7 Qm> M+B2Mi +QBM °
2biBK i2b 7Q° b2HH2" i2‘KbPM/ KBMiBM;X hQ bKQQi? Qmi bQK2 Q7
KQpBM; p2° t2[38@880]- r2 mb2'Z, , 7[1 BMbi2 %[Q7 Mi 2  Mi[]
BMbi2M@]X q2 /Q MQi bKQQi? Qm T 2+Bb2Hv 2biBK i2/ T * K2i2°b7Q

h™ /2Xqg2 2+Qp2 i /2 Db? "2b 7 QK 2biBKT[@# bMHH2 /iI2IKKBM Mib Q
#BH i2° H(io /@or; E3Y; RWest;, Medy 7°QK r?B+? r2 +@Q I mbB My U
T[tldy [t]

ni [t] = P———————;8(n;i;t): UkRV
e k[t]dg [t]

Yh?Bb MMFMQrM 2R biB@®BEKT +i QM Qm" 2biBK iBQM bi’ i2;v-MAROBBXKB/MRMIiB +
Ai HbQ? b MQ BKT +i QM i?2 +QKTmi iBQM Q7 i /2 ~Qrb M/ MQKBM HBM+QK2bX
MQKBM H7 QK 2 H+QMbmKTIiBQMX AM T +i1BGR 9QQ2RR™> BpZM DPHBTMBIMB +2 #H2
QM 2biBK i2/ +QMbmKTIiBQM Ub22 i #H2
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1biBK i2/i° /2b? “2b "2BMp "B MiiQ Nt MMKt]HBK/ iBIDM D@ Mv

LQKBM H BM+DKRXi +H2 'BM; BKTQb2b '2H iBQMb?BT #2ir22M MQ
“2:BQM- BM+QK2 M/ KBMiBM; BM Qi?2" “2;BQMb- M/i> /2b? “2bX A
b? “2pt]- KBMiBM§M];- M/ i?2 +QBM HOBD bm2+B2Mi iQ "2+Qp2  BM+QK2
+H2 */vM KB+ HHvbQr2 M22/iQ K F2 MtbHn#RT®AMbB7 R TH2 BIQib X
#b2Mi Mv /i -r2 bBKTHv bbmK2 i? i ;;t2; 12 BM?Q K2K2BtN B M

M/ mb2 i?2 bi2 /v bii2 K F2i +HBZX 6QM2BRBQ MmMEb2[m2Mi T2 'BQ/b
BM+QK2b #v "2+m bBp2HvVv bQHpBM; i?2 /vM KBWX "F2i +H2 "BM; +Q

X
(wilto]Li[to]) = nilto] (T ) (Walto]Ln[to]) + Mnlto] ;8i;
" X
M /(w; [t]L;[t]) = nltl (T )(wa[t 1La[t 1))+ Mp[t] ;8(i;t>to): UkkV

n

1biBK i2/ MQKBM H BM+QK2b BM?2 ' Bi Qm  UbBM;H2V KBMiBM; MQ |

_2 H+QMbmKTiRQWXQMbmKTiBQM Bb /2}M2/ b MQKBM H +QMbmKTi

T B+2 BXA[tRE{(1  )walt 1La[t L+ Mut] Qp@ltl= ( | (= md[t]) ) ¥ -
r?2°2Bb +QMbi MiX aBKTH2 K MBTmH iBQMb vB2H/-

(1wt 1JLn[t 1]+ Mip[t]
Wi [t]L n[t]

Xalt] _
Pn [t]

h?2} bi M/H bii2 Kb "2/B 2+iHv+QKTmi2/ 7 QK 2biBK i2b7Q i /2
KBMiBM;- i?2 +QBM H®bbb BWR} = WMhit= ) BMRME- i?2 KB//H2 i2 K Bb
"2+Qp2°2/ 7°QK MQKBM H BM+ QK 2T~ [H2.H]H:Z Wi[BIL Mt M)A X

h?2 BMimBiBQM 7Q" i?2 +QKTQM2Mibkw BB H 7QMBIrQKEXB QM BA2 °
/Im+iBQM + Th BW BHQrb iQ T'Q/m+2 KQ'2:QQ/b M/ BKT Qp2b 2 H -
1 iOM M/ EQUiyWk- i /2 QT2MM2abbnS i?22° BM+"2 b2b "2 H+QMbmKTiB
i?72: BMb 7 QK i [2RHB BMy\I- i~ /2/2}+BibUbm THmMb2bV }M M+2/ #\
iBQM HHQr '2;BQMiQ +QMbmK?2 KQ‘ZV:Q—L%Z—-b( R . P8 6+ 2 b

Pm MQ 'K HBxXx iBQMb 7Q  i?2b2HH2 i2 ' Kb M/ 7Q  KBMiBM; /Q MQi
#Qi? mPMBi@7‘22‘ iBQb-#mii?2v z2+ii?2KB//H2i2 KX q2 “#Bi' 'BH
bm+? i? Xy[tl=m[t] 18t- bQ "2;BQM H +QMbmKTiBQM rBi?BM 2 +? T2 B
b b? 2 Q7 ;;°2; i2 +QMbmKTiBQMX h?Bb MQ' K HBx iBQM Bb M
bi'm+im> H 2biBK iBQM, /i QM MQKBM H2H iBpX2rbiz M Q2m2iBQM
M/ +QMbmKTIiBQM- #mi + WMbHIRIR22HRXH ?Bb K2 Mb i? i Qm 2biBK
B/2MiB7v Mv QM2@T2' BQ/ b?Q+F z2+iBM; HH "2;BQMb 7°QK i?2 Al

Cmlt) ¥ T (LA

UkjV
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9Xk h?2;2Q; T?v Q7 J2/Bi2"" M2 Mi /2 M/ i?2 SB 2MN\

Pm™ ;> MmH ~ 2biBK i2b 7Q i" /2 M/ BM+QK2 HHQrb mbiQ T BMi /:
HmiBQM Q7 J2/Bi2°" M2 Mi /2X g2 T "iBiBQMi?2J2/Bi2"" M2 M BMi
a? KU:"2 i2 " av B V-JBb Ul;vTiV- H@J ;? B# M/MQ i?2" M 2;BQM
*QmMi'v-LQi?2°M Ai Hv-aQmi?2 M Ai Hv- "vx MiBM2 >2 "iH M/b M/
i /2iQ M/ 7 QK MQ'i?2°M M/ bQmi?ZW QxBIQRHXQEB PR+ 2pQHmMI
J2/Bi2°" M2 MAiT f2BiBQM2/ BMiQ MQ i? @ b Q mV2 b QhbilPEVh; @ viT? M2QHb |
UT M2¥- M/ MQ i?7@bQmi? + ®VBXBM;b UT M2H

g2 +QM}'K BM3T iIM2KVvTQi?2bBb 7Q KB MRINAMI? | MQ i?7@bQmi?
J2/Bi2°" M2 M i /2 7T2HH b? "THv 7i2 i?2 ~ # +QM[m2bib Q7 i?2 M:
M/ i?2 A#2°'B M T2MBMbmH X LQ i7@bQmi? + QbbBM;b +QHH Th2 7
Q7 J2/Bi2°° M2 M "2:BQM& mRIVMEk i?2QH#2HQr RW 7Fi22 MiZnHVvX2h?Bb
BbiQ #2 2tT2+i2/ ;Bp2M Qm 2biBK i2 Q7 H ;2 J2/Bi2"" M2 M #Q /2
BM M/ QmiQ7 AbH KB+ “2;:BQMbX h?Bb bi'm+im*> H2pB/2M+2 HbQ +
QM +QmMib Q7 +QBMb + " QbbBM; i?2 BXYBi22 "~ ™MI2 M/BMMigd+2BQ M

>Qr2p2 - Qm’ 2biBK i2b HbQ "2p2 Hi? i r?BH2 MQ i?7@bQmi? + Q
“# +QM[m2bib- Qp2° HH J2/Bi2°° M2 Mi® /2 2K BM2/ ~Qm 'Bb?BM;
bbQmi?7@bQmi? + QbbBM;b +QKT2Mb i2 i?2 +QHH3Eb2@ D MQI"i? @ |
bQmi?@bQmi? + ' QbbBM;b 2T 2b2Mi2/ #2ir22M 8W M/ RyW Q7 ;; 2
#Qi? #27Q°2 M/ 7i2° i?2 T # +QM[m2bibX 6QHHQrBM; i?2 " TB/ 2+Q
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