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Abstract

What was the role of trade, and how did economic activity evolve at the End of
Antiquity, when political power shifts away from the Mediterranean towards northern
Europe and the Middle East? To answer those questions, we assemble a database of
hundreds of thousands of ancient coins from the fourth to the tenth century, estimate a
dynamic model of trade and money where coins gradually diffuse along trade routes, and
recover granular regional trade and real consumption time series. Our estimates suggest
that Mediterranean trade was disrupted by the newly formed border between Islam and
Christianity; that economic activity shifts away from the Mediterranean starting in the
fifth century; that real consumption peaks in the Middle East in the eighth century; and
that by the end of the ninth century, Atlantic regions from Islamic Andalusia to Frankish
northwestern Europe have become the wealthiest regions of the ancient western world.

JEL Classification: F1, O1, N73.
Keywords: Gravity Equation, International Trade, Ancient Coins, Diffusion.

∗We thank Marek Jankowiak, Reka Juhasz, Chris Meissner, Cathrin Mohr, Ezra Oberfield, Kevin O’Rourke,
Pseudoerasmus, Jonathan Vogel, and numerous seminar participants for helpful comments. Malo Cadudal-Illy,
Jingshu Chen, Jinpei Tuchel, and in particular Ye Sun provided excellent research assistance. Boehm gratefully
acknowledges financial support from the Banque de France/Sciences Po partnership, and Chaney from the
European Research Council (ERC grant 884847). All remaining mistakes are our own.

†johannes.boehm@graduateinstitute.ch.
‡thomas.chaney@gmail.com.

mailto:
mailto:


Introduction
The transition from classical antiquity to the medieval period marks one of humanity’s most
profound transformations, altering the intellectual, economic, and political fabric of Europe,
the Mediterranean, and the Middle East. This sweeping metamorphosis reshaped entire eco-
nomic systems and political structures, transforming a world organized around Mediterranean
commerce and urban networks into one dominated by new centers of power. We present new
data and empirically document this changing economic geography during Late Antiquity. This
quantitative analysis sheds new light on the nature and extent of economic change as the
Roman civilization in the Mediterranean declines and economic power shifts to western and
northwestern Europe, and to the Middle East.

What caused the end of antiquity has been a central question for centuries (see for instance
Montesquieu, 1734; Voltaire, 1756; Gibbon, 1789). Most contemporary historians believe that
the conquest of Rome by Germanic invaders in the fifth century did not lead to an immediate end
of Roman institutions and commerce, as local institutions remained largely in place (Pirenne,
1927, 1939; Findlay and O’Rourke, 2009; McCormick, 2001). The archaeological evidence
points to a shift in the economic activity to the north-west of Europe and away from the
Mediterranean between the fifth and the eighth century. The timing, extent, and reasons
remain debated, but when Charlemagne was crowned as Emperor at the end of the eighth
century, the political and economic power in Europe has moved from the Mediterranean to the
Frankish lands of northwestern Europe. Famously, historian Henri Pirenne proposes that the
expansion of the Arab Caliphate along the southern Mediterranean coast and into the Iberian
peninsula disrupted commerce and political ties in the Mediterranean, and turned the emerging
Carolingian Empire into a northern European power (“without Mohammed Charlemagne would
have been inconceivable,” Pirenne, 1927, p.234). The evidence for these disruptions brought
forward by Pirenne is mainly related to the disappearance of certain luxury goods north of the
Mediterranean.

In this paper, we study the changing economic geography during Late Antiquity using the
tools of modern quantitative trade models and novel data on the circulation of ancient coins.
Our aim is not to the end of antiquity, but to collect novel quantitative evidence

it. Our evidence suggests that the emergence of the Arab Caliphate reshaped Mediterranean
1 : Ward-Perkins (2006).
2Pirenne’s argument is the near of mentions of silk and spices in historical texts written north of the

Mediterranean, and the disuse of gold for coinage and papyrus for writings. These fragments of evidence, along
with new archaeological findings, have been extensively studied and discussed by historians since Pirenne. See
Lopez (1943), Ashtor (1970), Hodges and Whitehouse (1983), and, in particular, McCormick (2001)’s monumen-
tal work that synthesizes the existing literary and archaeological evidence on changes around the Mediterranean,
including patterns of change in the flows of communications, objects, and travelers. The synthesis of Wickham
(2006) interprets the evidence through the lens of social structures.
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trade, with north-south trade collapsing while south-south trade flourished. But we also show
that the relative economic decline of the Mediterranean world started more than a century
earlier; and that the Atlantic regions from the Islamic Iberian peninsula to the Frankish lands
of northwest Europe became the wealthiest regions of the ancient western world more than
seven centuries before the European colonial expansion into the Americas, Africa, and Asia.

We make four main contributions. Our first contribution is to assemble a large database
of coin finds from hoards deposited between ad 325 and ad 950, with observations from hun-
dreds of thousands of coins found across Europe, North Africa, and the Middle East. Coins
offer rich quantitative information in a data-scarce setting, as numismatists and archaeologists
have deciphered, cataloged, and classified ancient coinage for over 200 years. We collect infor-
mation about where and when coins were minted and buried, and present three stylized facts:
(i) bilateral coin flows are disrupted by distance and political borders just like trade flows are,
(ii) unlike traded goods, coins are in use over many years and, as a result, coins that are older
at the time of deposit tend to have traveled farther, and (iii) the geography of coin flows across
the Mediterranean changes abruptly around the time of the Arab conquests of the 7th century.

Our second contribution is to build and estimate a dynamic model of trade where agents
use coins for transactions. Within each period, trade is governed by comparative advantages as
in Eaton and Kortum (2002), and coins flow in opposite direction to trade. After being minted,
the same coin can then be saved as a store of value, and re-used for subsequent transactions.
We first show that with saving, coin flows within a period inherit the same gravity structure as
trade flows, up to a single multiplicative constant. We then characterize the full dynamics of
coin flows, as coins are minted, saved, used for multiple transactions, and gradually percolate
through the trade network. We show that data solely on coins is sufficient to fully recover the
parameters governing coin creation (minting) and trade in goods (trade costs and production
efficiency). Our estimates for minting output are in line with known historical evidence,
and our estimate for the travel time elasticity of trade is similar to that for Roman trade in
ceramics (Flückiger et al., 2022), and Bronze Age Assyrian trade in textiles and precious metals
(Barjamovic et al., 2019). Our estimates reveal a large cost associated with crossing the newly
erected border between Islamic and non-Islamic regions, especially over the Mediterranean.

Our third contribution is to reconstruct granular time series for bilateral trade flows and
for real consumption for each 20-year period from the 4th to the 10th century for each region.
We are able to recover real consumption using solely data on coins because coin flows contain
information on (nominal) trade flows, which contain information on (relative) prices. Our

3Due to the fact that no comprehensive data on production, consumption, trade, or demographics exists for
the first millennium ad, historians of this period rely to a large extent on qualitative literary sources.

4As recognized by numismatists, whether a coin hoard is created (deliberately or accidentally buried), found
by archaeologists, and documented by numismatists, depends on a series of endogenous events. To purge our
estimation from those endogenous events we use only information on the of different coins within a hoard.
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estimates confirm the thesis proposed by Pirenne (1939) that north-south Mediterranean trade
collapsed after the Arab conquests in the 7th century, although we also show that south-south
trade remained vibrant. Our estimates further reveal that Mediterranean income fell relative
to the rest of the ancient western world starting in the 6th century, and that the concentration
of income fell sharply in the 5th century and remained stable thereafter. Our estimates also
suggest that real consumption in the heartlands of the Byzantine empire, initially among the
highest, gradually collapsed starting in the 7th century, in part due to the fall of trade in and out
of regions newly conquered by the Arabs, while consumption experienced a spectacular rise in
northwest Europe in the 7th and 8th centuries; consumption in the heart of the western Roman
empire regions of Italy, southern France, and Egypt start falling in the 4th century, around the
time when the institutions of the western Roman empire collapsed; while consumption peaks
in Syria under the Umayyad Caliphate of Damascus in the early 8th century, in al-Andalus
under the Umayyad Caliphate of Cordoba in the late 8th century, in al-Iraq under the Abbasid
Caliphate of Baghdad, and in the Arabian peninsula in the 8th century after the birth of Islam.
Aggregate consumption rises in all Atlantic regions from North Africa to northwest Europe
starting in the 8th century, more than seven centuries before the European colonial expansion.

Our fourth contribution is to confront our estimates to a series of external data. The known
exploitation of ancient mineral deposits is positively associated with our estimates of coin
minting. Paleo-climatic adverse shocks—severe droughts—have a negative causal impact on
real consumption. But military conflicts and the local incidence of the Justinianic plague have
no detectable association with consumption. Finally, in the absence of virtually any systematic
evidence on ancient production, consumption, or trade, we show that our estimates on real
consumption changes from pre- to post-ad 700 are remarkably consistent with measures of
European urbanization post-ad 700.

Related literature. Our paper relates to the literature on the role of market access in shaping
economic outcomes across space, specifically in historical settings. Fogel (1964), Donaldson and
Hornbeck (2016) and Hornbeck and Rotemberg (forthcoming) evaluate the impact of the US
railroad in the 19th century on economic growth, Donaldson (2018) the impact of railroads
in colonial India on relative welfare, and Nagy (2023) the impact of the westward expansion
of the US on growth; Pascali (2017) evaluates the impact of steamships on maritime trade
and relative development; Redding and Sturm (2008) study the impact of the iron curtain on
comparative development in Germany, and Ahlfeldt et al. (2015) the impact of the Berlin wall
on the urban structure of Berlin; Juhász et al. (2024) study the impact of knowledge codification
on industrial development in Japan, using trade data to infer aggregate productivity; Flückiger
et al. (2022) study the impact of the Roman transportation network on trade in ceramics (terra
sigillata) from the 1st century bc to the 3rd century ad, while Michaels and Rauch (2018) study
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changes in the transportation and urban networks after the fall of the Western Roman Empire;
Barjamovic et al. (2019) use shipment records from Assyrian merchant archives in Bronze
Age Anatolia to estimate the location of ancient lost cities and their size. In contrast to this
literature, we do not observe prices, trade costs, or even trade flows. Instead, we use a dynamic
model of trade and money to recover trade flows from panel data on the movement of coins. Liu
and Tsyvinski (2024) feature a related mechanism where shocks gradually percolate through
an input-output network. We follow an approach similar to Donaldson (2018) and Donaldson
and Hornbeck (2016) to measure travel time—optimal routing algorithm on a transportation
network, but we add substantial historical evidence (Scheidel, 2015; Romanov and Seydi, 2022;
Cornu, 1983) including direct evidence from 10th-century Arab geographer Al-Muqaddasī (985).
Finally our paper speaks to a literature in economic history on the changes in Late Antiquity
and early medieval times. This literature frequently uses numismatic evidence, although mostly
in a descriptive manner. Two notable exceptions are Noonan (1980)’s study of Islamic coin finds
of different vintages and origins in Eastern Europe and Scandinavia, which stops short of using
a formal econometric model; and Persson and Sharp (2015) who discuss Pirenne’s thesis and
economic integration in Europe through the lens of a gravity model.

The remainder of the paper is structured as follows. Section 1 lays out the historical context
and describes our data and three stylized facts on ancient coin flows. Section 2 presents our
dynamic model of trade and money. Section 3 describes our estimation method and presents
our estimates. Section 4 leverages our estimates to uncover novel facts on trade, consumption,
and the end of antiquity in the Mediterranean. Section 5 confronts our estimates to external
data on ancient mines, climate, urbanization, battles, and plagues. Section 6 concludes.

1 Historical context, data, and stylized facts

1.1 Historical context

We study the economic and political developments in the Mediterranean between the 4th and the
10th century ad. At the start of this period the Mediterranean was still entirely under control
of the Roman Empire, albeit at times with multiple emperors and conflict between them,
and under mounting pressure from Germanic invasions. The death of the eastern emperor
Theodosius I in 395 divided the Roman Empire into a western and an eastern half. The
fifth century saw increased Germanic incursions in the east and west, culminating with the
Ostrogothic king Odoacer deposing the last West Roman emperor Romulus Augustulus in 476
and ending the Western Roman Empire. Italy was ruled by the Ostrogoths until the 550s,
then by the Lombards; Spain was taken over by the Visigoths, France by the Merovingian

5Shatzmiller (2018) qualitatively applies the gravity model to medieval trade in the Middle East.
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Byzantine Empire, ad 700 ad 634 ad 661 ad 661-750

ad 632, under Muhammad ad 644 ad 661-700 ad 700-750

Figure 1: The Arab Conquests, ad 632-750

dynasty of the Franks, and North Africa, Sicily, and Sardinia by the Vandals. The Eastern
Roman (Byzantine) Empire at times reconquered parts of the former Western Roman territory,
but in the sixth century became increasingly under pressure from the Sasanian Empire in the
east. The Byzantine-Sasanian wars of 602–628 depleted the resources of both empires, leaving
a vacuum that was filled by the emerging Arab caliphate.

Figure 1 shows the rapid Arab expansion, starting in 632. By 634 the Arabs controlled
the entire Arabian Peninsula. The Levant followed in the late 630’s and Egypt in the 640’s.
By the end of the Rashidun Caliphate in 661, the Arabs controlled land from Tripoli in the
west to Balkh in the east. The expansion continued under the Umayyad dynasty. In 698 the
Arab army razed Carthage and by 709 they had fully conquered the Maghreb. In 711 they
crossed the Strait of Gibraltar and defeated the Visigoths at the Battle of Guadalete. In 732
they were stopped by Charles Martel at Tours, and driven back across the Pyrenees. When the
Abbasid family overthrew the ruling Umayyads in 750, the Umayyads retained control of most
of Iberia (al-Andalus). While the Arab conquest ended Sasanian rule in the east, advances into
Byzantine territory in Anatolia did not lead to sustained land border shifts. But the Arabs
strengthened their naval capabilities, ended the Byzantine control of the western Mediterranean
and contested its control of the east. Arab raids on Mediterranean cities became frequent.

Two other notable and overlapping events have been linked to economic and political
changes: the Plague of Justinian (541-549), which, according to contemporary literary sources
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led to large declines in population, and the “Late Antique Little Ice Age” temperature anomaly
(536-560), likely due to volcanic eruptions, which caused temperatures in the northern hemi-
sphere to drop by about one degree Celsius (Peregrine, 2020). The size and quantitative rele-
vance of these two events is heavily debated among historians. We will think of these events as
potentially affecting population and productivity, which our estimation strategy accounts for.

1.2 Data

We construct a large dataset on the flows of coins around the Mediterranean between ad 325
and ad 950. For the period from ad 325 to ad 725 we mostly rely on data from the

project (FLAME, 2023b), a large-scale effort
by historians and numismatists to record harmonized information on the location, dating, and
composition of coin finds up to the year 725. FLAME covers hoards from the Mediterranean
and beyond, contributed by specialists working on the coinage of their geographical and tempo-
ral expertise. We use the most recent release of FLAME (January 2023) which covers 9,831 coin
hoards. We remove hoards that fall outside our area of interest, continental western Europe up
to the modern-day German-Polish border and including Bohemia, southern Europe up to the
line between Vienna and Odessa, and North Africa and the Middle East up to the maximum
extent and area of influence of the Umayyad Caliphate (stretching from the Maghreb in the
West to the Indus in the east, and up to Bulgar in the north). We also remove all hoards that
only consist of incompletely described coins (no mint location or mint date information).

We supplement FLAME’s data, in particular for the period after ad 725, with hand-coded
records of 106,371 coins from 830 finds, which we assemble using hoard catalogues from the nu-
mismatic literature, similarly to the source documents that underlie FLAME. These additional
records include the time period of the Caliphate, so that we can assess the impacts of these
changes on the patterns of exchange in the Mediterranean. Together these data cover the vast
majority of published information on coin finds in our geographic and temporal scope.

The structure of the coin hoard data is ideally suited for an analysis of dynamic bilateral
spatial flows. Each unit of observation—a coin within a hoard—contains the following at-
tributes: ( ) the location where the coin has been minted, ( ) the ruler and/or dynasty under
whose authority the coin has been issued, ( ) a year interval when the coin was minted, ( )

6See appendix D for extensive information on the coin data assembly, harmonization and cleaning.
7https://coinage.princeton.edu/
8FLAME also includes finds from excavations and single finds. Unless explicitly mentioned, we will treat all

records in the same way and just use the word “hoard” to describe deposits of any size.
9See figure 6 below for a map of our area of study. We exclude the Viking lands, and therefore do not

speak to the discussion on the potential role of the Vikings (and the inflow of Islamic silver through trade via
eastern and northern Europe) in the changing economic geography during Late Antiquity (Bolin, 1953). Recent
archaeometric studies indicate that Carolingian silver is largely not of Arab origin (Sarah et al., 2008; Kershaw
et al., 2024), suggesting a limited role for silver inflows via the Viking route in affecting Carolingian mint output.
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Figure 2: Coin hoard data, an example from al ’Ush (1972)

the identifier and the location of the hoard that the coin is part of, ( ) a year interval when
the hoard—and therefore the coin—was deposited. These pieces of information are typically
recorded by the author of the original numismatic or archaeological publication. Figure 2 shows
an example. Mints are usually inferred from mint marks on the coins. The mint date is often
indicated on the coin. When it is not, it can be approximated from the ruler (or dynasty or
empire) under whose authority the coin was issued, as well as other information, including
the mint mark. Finally, we follow the common approach of historians to estimate the date of
deposit of each hoard using the , or for short, the date of the youngest
object in the hoard that can be dated. In our case that is typically the most recent end year of
the time intervals of the coins in the hoard.

In coding the mint location and date we typically follow the coding of the author of the
original publication which catalogues the hoard. In some cases this information is imprecise:
the author may not have been able to inspect the coin or inspected only a fragment. We conduct
robustness checks to investigate whether our findings are driven by endogenous selection.

We have data on 5,625 hoards and 494,229 coins that fall into our geographic boundary
and have a between 325 and 950. After removing from FLAME large hoards found in the
19th century or earlier for which not much besides rough coin counts is known, 270,500 coins
are complete with a mint and minting year interval; on average 86% of coins in a hoard are
complete. We define the age of coins at time of deposit as the difference between the midpoint of
the coin’s minting interval and the of the hoard. Figure 3a shows the temporal distribution
of the number of hoards by , and figure 3b the distribution of coin ages within hoards.

Coins are deposited on average 47 years after they are struck. Appendix tables B.1 and B.2
10Mint marks have been in use since ancient Greek times to monitor coin weight and metal content.
11Sometimes these interpretations are critically evaluated and corrected by subsequent scholars. Appendix D

lists the extensive sources we use for each of the hand-coded hoards.
12To further validate that our data reflect coin circulation during Late Antiquity, appendix B.1 compares the

coin age distribution with the one in twelve Byzantine hoards that Banaji (2016) labels as circulation hoards,
i.e. that are known to have originated from coins that were in circulation. Coin age distributions are similar.
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Figure 3: Number of hoards over time and ages of coins within hoards

contain additional summary statistics on coins and hoards respectively.

Discussion. The interpretation of coin flows as relating to trade, despite having a long tra-
dition among numismatists and historians, deserves some discussion. The Roman and sub-
sequently Byzantine empires were generally fairly monetized economies, with coinage taking
a pre-eminent role and credit being very limited (Morrisson, 2002). The situation was sim-
ilar in the caliphate (Bessard, 2020) and in the Carolingian empire (Coupland, 2014). The
fact that coins were light, durable, and—because they were made from precious metal, which
could be easily reminted—accepted within and across borders made them particularly suitable
for long-distance trade. This is particularly the case for gold coins, traded throughout the
Mediterranean and valued for their weight in gold (Banaji, 2016). Of course coins did not
travel solely because of commerce; theft, gift-exchange, dowry, tribute, ransom and plunder
also contribute to coin flows. We acknowledge that while tribute and ransom can be thought
of as the price paid for life, theft and plunder may not easily fit into our trade model.

13See, in particular, the discussions by Grierson (1959) and, more recently, Naismith (2014).
14A possible exception was the eighth century, where Byzantine mint output collapsed.
15Examples of of coins used in foreign empires abound. Bates (1991) discusses how Byzantine coins kept

circulating (and being minted) in Egypt after the Arab takeover in 641. Tribute and ransom payments between
the Arabs and Byzantines often included domestic currency. McCormick (2001), chapter 12, discusses the
circulation of Arab and Byzantine coins in the west.

16We conduct robustness checks of our main results restricting the sample to gold coins.
17Other data-driven approaches used by economic historians to measure economic activity include urbaniza-

tion rates, flows of consumption goods, notably ceramics (Wickham, 2006, Flückiger et al., 2022), communication
flows and movements of people (McCormick, 2001), pollen grain measurements (Izdebski et al., 2016), and ice
core readings (McConnell et al., 2018). Coin flows bring several econometric advantages and are more directly
related to comprehensive patterns of exchange than communications or ceramics. We nonetheless estimate
similar distance elasticities from gravity regressions on coins and ceramics (see appendix B.2 and figure B.2).
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A potential source of bias comes from the fact that our data do not cover the universe of
coin flows, but only hoards that have been created (coins deliberately or accidentally deposited,
which may depend on warfare, natural disasters, and property rights protection), found (which
may depend on modern-day institutions, such as whether metal detecting is allowed, and on
modern-day market prices for historical coins), and documented by experts (which may depend
on the local presence of experts, the ‘novelty’ of the hoards’ contents, and the demand for
research on these topics). Our estimation in section 3 corrects those biases by using shares of
coins hoards, and differs from the more descriptive methods employed by historians.

Finally, in contrast to standard trade data, we do not observe flows at each point in time, but
only when and where a coin was minted and eventually deposited into a hoard. Our structural
model in section 2 identifies the parameters governing trade flows from data on coin stocks,
and reconstructs the possibly numerous successive trips a coin took throughout its life.

1.3 Three stylized facts on ancient coins

Distance and political borders disrupt trade. The bilateral structure of our dataset
allows us to explore the geography of coin flows in reduced form. We aggregate mint-origin (m)
and hoard-destination (h) coordinates to 1� �1� cells across all periods, and restrict the sample
to coins that were unambiguously issued by the fourteen most important political blocks p.
We then model the number of coins issued by p in m and found in h as a function of distance
and a political border dummy,

countmhp = exp (amp + ah + b1 log distancemh + b2PoliticalBorderhp + umhp) : (1)

We estimate this model by PPML using data on all triplets (m; h; p) for mint cell m in political
block p and hoard cell h, excluding combinations of mint cells and political blocks that do not
produce a single coin. The political border dummy is one if the region where the center of the
hoard cell h is located in has never and to no extent been under the political control of p.

Table 1 shows that distance and crossing a political border are both negatively correlated
with coin flows. Columns 3 and 4 show almost identical results when using only gold coins,
only 7% of the coins in our sample, which were universally valued for their metal content and
were therefore particularly favored for long-distance trade. Column 5 and 6 also show similar

18FLAME (2023a) discusses potential sources of biases, which also apply to our combined data.
19These are: Eastern Roman Empire, Roman Empire, Umayyads of Spain, Abbasids, Umayyads, Sasanians,

Fatimids, Western Roman Empire, Carolingians, Samanids, Visigoths, Ostrogoths, Merovingians, Vandals.
20See appendix A for our division of the combined Arab and Mediterranean world into 13 regions.
21The distance and border effects are robust to using only the intensive margin of coin flows, see appendix table

B.3. An alternative explanation for the border effect could be that coins are redistributed within a political
entity before entering circulation. Appendix table B.4 shows similar results for specifications with hoard �
empire fixed effects, suggesting that this is unlikely.
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�k�8�S���`���T�?�`���b�B�M�;�S�B�`�2�M�M�2�U�R�N�j�N�V�X �q�2 �i���F�2 �i�?�2 ���`���# �+�Q�M�[�m�2�b�i�b ���b �� �T�`�Q�t�B�K���i�2 �+���m�b�2 �7�Q�` �i�?�2�b�2 �+�?���M�;�2�b�- ���M�/ �/�Q
�M�Q�i ���i�i�2�K�T�i �i�Q �2�t�T�H���B�M �r�?�v �i�?�2 ���`���#�b �r�2�`�2 �b�m�+�+�2�b�b�7�m�H�X �h�?�2 �+�Q�K�K�Q�M�H�v �?�2�H�/ �p�B�2�r �B�b �i�?���i �i�?�2 �"�v�x���M�i�B�M�2�@�a���b���M�B���M
�r���` �Q�7 �e�y�k�@�e�k�3 �2�t�?���m�b�i�2�/ �i�?�2 �7�Q�`�+�2�b �Q�7 �#�Q�i�? �2�K�T�B�`�2�b ���M�/ �T���p�2�/ �i�?�2 �r���v �7�Q�` ���`���# �K�B�H�B�i���`�v �b�m�+�+�2�b�b �U�6�Q�b�b�-�R�N�d�8�V�X

�k�e�1���`�H�B�2�` �r�`�B�i�2�`�b�- �B�M�+�H�m�/�B�M�;�S�Q�H���M�v�B�U�R�N�d�d�V�- �r�2�`�2 �v�2�i �m�M���r���`�2 �Q�7 �i�?�2 �p���b�i ���K�Q�m�M�i �Q�7 �+�Q�B�M�b �i�?���i �r�Q�m�H�/ �#�2
�m�M�2���`�i�?�2�/ �7�`�Q�K �i�?�2 �R�N�3�y�ö�b �Q�M�r���`�/�b �i�?�`�Q�m�;�? �i�?�2 �m�b�2 �Q�7 �K�2�i���H �/�2�i�2�+�i�Q�`�b�X

�k�d�q�2 �T�`�2�b�2�M�i �B�M ���T�T�2�M�/�B�t�* �� �b�B�K�T�H�2 �2�t�i�2�M�b�B�Q�M �Q�7 �Q�m�` �K�Q�/�2�H �r�B�i�? �#�Q�i�? �K�Q�M�2�i�B�x�2�/ ���M�/ �#���`�i�2�` �2�t�+�?���M�;�2�b�-
�B�M�b�T�B�`�2�/ �#�v�E�B�v�Q�i���F�B ���M�/ �q�`�B�;�?�i�U�R�N�3�N�V�X �q�2 �b�?�Q�r �B�M �b�2�+�i�B�Q�M�9�X�8�i�?���i �Q�m�` �2�b�i�B�K���i�2�b �r�B�i�? ���M�/ �r�B�i�?�Q�m�i �2�M�/�Q�;�2�M�Q�m�b
�K�Q�M�2�i�B�x���i�B�Q�M ���`�2 �?�B�;�?�H�v �+�Q�`�`�2�H���i�2�/�X ���b �r�2 ���`�2 �M�Q�i ���r���`�2 �Q�7 �b�v�b�i�2�K���i�B�+ �`�2�+�Q�`�/�b �Q�7 �i�?�2 �/�2�;�`�2�2 �Q�7 �K�Q�M�2�i�B�x���i�B�Q�M �B�M
�G���i�2 ���M�i�B�[�m�B�i�v�- �r�2 �Q�T�i�2�/ �i�Q �m�b�2 �� �b�B�K�T�H�2�` �K�Q�/�2�H �r�B�i�? �M�Q �#���`�i�2�` ���b �Q�m�` �#���b�2�H�B�M�2�X

�k�3�:���M�/���H ���M�/ �a�m�b�b�K���M�U�R�N�N�d�V �/�B�b�+�m�b�b �K�2�/�B�2�p���H �r�2�B�;�?�i ���M�/ �}�M�2�M�2�b�b �K�2���b�m�`�2�K�2�M�i �i�2�+�?�M�Q�H�Q�;�B�2�b�X

�R�j



���i �i�?�2 �2�M�/ �Q�7 �T�2�`�B�Q�/t � 1�- �H�Q�+���i�B�Q�Mn �b�2�i�b ���b�B�/�2Sn [t] �+�Q�B�M�b �7�Q�` �+�Q�M�b�m�K�T�i�B�Q�M ���M�/ �b���p�B�M�; �B�M

�T�2�`�B�Q�/t�X ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �T�2�`�B�Q�/t�- ���M �2�t�Q�;�2�M�Q�m�b �7�`���+�i�B�Q�M� n [t] �Q�7 �i�?�2 �+�Q�B�M�b �B�M �i�?�B�b �b�i�Q�+�F

Sn [t] �+�2���b�2�b �i�Q �+�B�`�+�m�H���i�2�- �2�B�i�?�2�` �H�Q�b�i �Q�` �K�2�H�i�2�/ �B�M�i�Q �7�`�2�b�? �M�2�r �+�Q�B�M�b�X�k�N�A�M ���/�/�B�i�B�Q�M�- �b�Q�K�2 �H�Q�+���i�B�Q�M�b

�Q�r�M �� �K�B�M�i �r�?�B�+�? �2�t�Q�;�2�M�Q�m�b�H�v �;�2�M�2�`���i�2�b �7�`�2�b�? �M�2�r �+�Q�B�M�b �B�7 �B�i �B�b ���+�i�B�p�2 �B�M �T�2�`�B�Q�/t�-M n [t] � 0�X

���b�b�m�K�B�M�; �i�?���i �K�B�M�i�B�M�; �B�b �2�t�Q�;�2�M�Q�m�b �K�2���M�b �i�?���i �r�2 �K�Q�/�2�H �i�?�2�#�2�M�2�}�i�Q�7 �K�B�M�i�B�M�; �U�b�2�B�;�M�B�Q�`���;�2�V

�#�m�i �M�Q�i �B�i�b�+�Q�b�i�X�j�y �A�M �i�?�2 �K�B�/�/�H�2 �Q�7 �T�2�`�B�Q�/t�-Ln [t] �B�/�2�M�i�B�+���H �r�Q�`�F�2�`�b �b���p�2 �� �7�`���+�i�B�Q�Msn [t] �Q�7

�i�?�2�B�` �+�Q�B�M�b�- ���M�/ �b�T�2�M�/ �i�?�2 �`�2�b�i �Q�M �+�Q�M�b�m�K�T�i�B�Q�M �2�t�T�2�M�/�B�i�m�`�2�b�-X n [t]�X �A�K�T�Q�`�i���M�i�H�v�- �2�t�T�2�M�/�B�i�m�`�2�b

�+�Q�M�i���B�M �b�T�2�M�/�B�M�; �Q�M ���H�H �;�Q�Q�/�b�- �T�Q�b�b�B�#�H�v �B�M�+�H�m�/�B�M�; �+���T�B�i���H �;�Q�Q�/�b�X �q�?���i �r�2 �H���#�2�H �b���p�B�M�;�-sn [t]�-

�b�Q�H�2�H�v �+���T�i�m�`�2�b �b���p�B�M�; �B�M�i�Q �M�Q�K�B�M���H �}�M���M�+�B���H ���b�b�2�i�b �U�+�Q�B�M�b�V�- �M�Q�i �B�M�p�2�b�i�K�2�M�i �B�M�i�Q �T�?�v�b�B�+���H �+���T�B�i���H�X

�q�Q�`�F�2�`�b �7���+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �#�m�/�;�2�i �+�Q�M�b�i�`���B�M�i�-

X n [t] = (1 � sn [t])
�

(1 � � n [t]) Sn [t] + M n [t]
�

; �r�B�i�?sn [t] � 0; �U�k�V

�r�?�2�`�2 �r�2 ���b�b�m�K�2 �r�Q�`�F�2�`�b �+���M�M�Q�i �#�Q�`�`�Q�r(sn [t] � 0)�X �A�M �i�?�B�b �õ�+�Q�B�M�@�B�M�@���/�p���M�+�2�ö �2�+�Q�M�Q�K�v�- �+�Q�M�@

�b�m�K�T�i�B�Q�M �B�b �}�M���M�+�2�/ �#�v �+�m�`�`�2�M�i�H�v ���p���B�H���#�H�2 �+�Q�B�M�b�- ���M�/ �M�Q�i �#�v �T�`�Q�K�B�b�2�/ �7�m�i�m�`�2 �B�M�+�Q�K�2�X�j�R

���i �i�?�2 �2�M�/ �Q�7 �T�2�`�B�Q�/t�- �r�Q�`�F�2�`�b �2���`�M �� �+�Q�K�T�2�i�B�i�B�p�2 �r���;�2wn [t] �b�2�H�H�B�M�; �;�Q�Q�/�b �B�M �2�t�+�?���M�;�2 �7�Q�`

�+�Q�B�M�b�X �h�?�2 �b�i�Q�+�F �Q�7 �+�Q�B�M�b �b�2�i ���b�B�/�2 �2�p�Q�H�p�2�b �`�2�+�m�`�b�B�p�2�H�v�-

Sn [t + 1] = (1 � � n [t]) Sn [t] + M n [t] + wn [t] Ln [t] � X n [t] : �U�j�V

�h�`���/�2�X�q�B�i�?�B�M �2���+�? �T�2�`�B�Q�/ �i�`���/�2 �B�b �K�Q�/�2�H�2�/ ���b �B�M�1���i�Q�M ���M�/ �E�Q�`�i�m�K�U�k�y�y�k�V�X �*�Q�M�b�m�K�2�`�b �B�M

�H�Q�+���i�B�Q�Mn �b�T�2�M�/ �� �7�`���+�i�B�Q�M� ni [t] �Q�7 �i�?�2�B�` �2�t�T�2�M�/�B�i�m�`�2�b �Q�M �B�K�T�Q�`�i�b �7�`�Q�K �H�Q�+���i�B�Q�Mi �-X ni [t]�-

� ni [t] =
X ni [t]
X n [t]

=
(wi [t ]=T 1=�

i [t ]dni [t])� �

P
k (wk [t ]=T 1=�

k dnk [t])� � : �U�9�V

�h�`���/�2 �b�?���`�2�b �/�2�T�2�M�/�b �Q�M �`�2�H���i�B�p�2 �7���+�i�Q�` �T�`�B�+�2�b �T�2�` �2�{�+�B�2�M�+�v �m�M�B�i �U�r���;�2�b�-wi [t]�- �`�2�H���i�B�p�2 �i�Q

�T�`�Q�/�m�+�i�B�p�B�i�v�-T1=�
i [t]�V�- �`�2�H���i�B�p�2 �#�B�H���i�2�`���H �i�`���/�2 �+�Q�b�i�b �Udni [t]�V�- ���M�/ �i�?�2 �i�`���/�2 �2�H���b�i�B�+�B�i�v �U� > 0�V�X

�A�M�i�2�`�@�i�2�K�T�Q�`���H ���H�H�Q�+���i�B�Q�M�b�X�q�Q�`�F�2�`�b �?���p�2 �H�Q�;�@�m�i�B�H�B�i�v �Q�p�2�` �`�2���H �+�Q�M�b�m�K�T�i�B�Q�M�-

Un [t] = Et

"
X

� � t

� � � t ln
�

X n [� ]
pn [� ]

� #

; �r�B�i�?pn [t] = 


0

@
X

k

 
wk [t]

T1=�
k [t]

dnk [t]

! � �
1

A

� 1=�

:

�k�N�q�2 �i�?�B�M�F �Q�7� �T�`�B�K���`�B�H�v ���b �+�Q�B�M�b �K�2�H�i�2�/ �B�M�i�Q �#�m�H�H�B�Q�M �7�Q�` �i�?�2�B�` �T�`�2�+�B�Q�m�b �K�2�i���H�- �T�Q�b�b�B�#�H�v ���b �� �b�2�B�;�M�B�Q�`���;�2 �i���t
�i�Q �#�2 �`�2�@�K�B�M�i�2�/�X �P�M�H�v �� �b�K���H�H �7�`���+�i�B�Q�M �B�b �H�B�i�2�`���H�H�v �H�Q�b�i ���M�/ �#�2�+�Q�K�2�b �T���`�i �Q�7 �Q�m�` �/���i���X

�j�y�q�2 �T�`�2�b�2�M�i �2�p�B�/�2�M�+�2 �B�M �b�2�+�i�B�Q�M�8�X�R�i�?���i �2�t�T�H�Q�B�i���i�B�Q�M �Q�7 ���M�+�B�2�M�i �K�B�M�2�`���H �/�2�T�Q�b�B�i�b �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �?�B�;�?�2�`
�K�B�M�i�B�M�;�X �h�?�B�b �b�m�;�;�2�b�i�b �i�?���i �� �H�Q�r�2�` �+�Q�b�i �Q�7 �K�B�M�B�M�; �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �K�Q�`�2 �K�B�M�i�B�M�;�X

�j�R�A�7 �i�?�B�b ���b�b�m�K�T�i�B�Q�M �r�2�`�2 �`�2�H���t�2�/�- �H���#�Q�` �B�M�+�Q�K�2 �U�B�M �+�Q�B�M�b�V �r�Q�m�H�/ �#�m�v �2�t�T�2�M�/�B�i�m�`�2�b �B�M �Q�i�?�2�` �H�Q�+���i�B�Q�M�b�- �#�2�+�Q�K�2
�B�M�+�Q�K�2 ���M�/ �#�2 �m�b�2�/ �7�Q�` �2�t�T�2�M�/�B�i�m�`�2�b ���;���B�M�- �2�i�+�- ���H�H �r�B�i�?�B�M �� �T�2�`�B�Q�/�X �.���i�� �Q�M �+�Q�B�M �b�i�Q�+�F�b �r�Q�m�H�/ �+�Q�M�i���B�M �M�Q
�B�M�7�Q�`�K���i�B�Q�M �Q�M �i�`���/�2 �~�Q�r�b�X

�R�9



� �B�b �i�?�2 �/�B�b�+�Q�m�M�i �`���i�2�-pn [t] �i�?�2 �B�/�2���H �T�`�B�+�2 �B�M�/�2�t �B�Mn ���i t�- ���M�/
 �B�b �� �+�Q�M�b�i���M�i �U�1���i�Q�M ���M�/

�E�Q�`�i�m�K�-�k�y�y�k�V�X �1���+�? �H�Q�+���i�B�Q�M �+�?�Q�Q�b�2�b �� �b�2�[�m�2�M�+�2 �Q�7 �+�Q�B�M�b �b�i�Q�+�F�b �i�Q �K���t�B�K�B�x�2 �m�i�B�H�B�i�v �;�B�p�2�M �r���;�2�b

�b�m�#�D�2�+�i �i�Q �i�?�2 �M�Q �#�Q�`�`�Q�r�B�M�; �+�Q�M�b�i�`���B�M�i �U�k�V�- �i�?�2 �#�m�/�;�2�i �+�Q�M�b�i�`���B�M�i �U�j�V�- �i�?�2 �Q�T�i�B�K���H �r�B�i�?�B�M�@�T�2�`�B�Q�/

���H�H�Q�+���i�B�Q�M ���+�`�Q�b�b �B�K�T�Q�`�i�b �U�9�V�X �� �i�`���M�b�p�2�`�b���H�B�i�v �+�Q�M�/�B�i�B�Q�M �T�`�2�p�2�M�i�b �?�Q�H�/�B�M�; �+�Q�B�M�b �7�Q�`�2�p�2�`�X

max
f Sn [� ]g� � t

Et

2

6
4

X

� � t

� � � t ln

0

B
@

(1 � � n [� ]) Sn [� ] + M n [� ] + wn [� ] Ln [� ] � Sn [� + 1]



� P

k (wk [� ]=T 1=�
k [� ] dnk [� ])� �

� � 1=�

1

C
A

3

7
5 �U�8�V

�b�X�i�XSn [� + 1] � wn [� ] Ln [� ] ; 8(� � t); ���M�/ lim
� !1

� � Sn [� + 1]
X n [� ]

= 0:

�a���p�B�M�; �Usn [� ] > 0 , Sn [� + 1] > w n [� ] Ln [� ]�V �B�b �m�b�2�/ �7�Q�` �+�Q�M�b�m�K�T�i�B�Q�M �b�K�Q�Q�i�?�B�M�;�X

�.�v�M���K�B�+ �2�[�m�B�H�B�#�`�B�m�K�X�q���;�2�b ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v �K���`�F�2�i �+�H�2���`�B�M�;�- �;�B�p�2�M �i�?�2 �i�`���/�2 �b�?���`�2�b�-

� ni [t] �7�`�Q�K �2�[�m���i�B�Q�M �U�9�V�- ���M�/ �i�?�2 �+�Q�B�M �b�i�Q�+�F �T�Q�H�B�+�v �7�m�M�+�i�B�Q�M�-Sn [t] �7�`�Q�K �2�[�m���i�B�Q�M �U�8�V�-

wi [t] L i [t] =
X

n

� ni [t]
�

(1 � � n [t]) Sn [t] + M n [t] + wn [t] Ln [t] � Sn [t + 1]
�

; 8(i; t ): �U�e�V

�A�M �� �m�b�2�7�m�H �#�2�M�+�?�K���`�F �r�?�2�`�2 ���;�2�M�i�b �b���p�2 �H�B�i�i�H�2 �i�Q �M�Q�M�2�-sn [t] � 0�- �K���`�F�2�i �+�H�2���`�B�M�; �b�B�K�T�H�B�}�2�b �i�Q

wi [t] L i [t] =
X

n

� ni [t]
�

(1 � � n [t]) wn [t � 1]Ln [t � 1] + M n [t]
�

; 8(i; t ): �U�d�V

�a�i�2���/�v �b�i���i�2 �2�[�m�B�H�B�#�`�B�m�K�X�� �b�i�2���/�v �b�i���i�2 �r�?�2�`�2 ���H�H �p���`�B���#�H�2�b ���`�2 �+�Q�M�b�i���M�i �+�H���`�B�}�2�b �i�?�2

�K�2�+�?���M�B�+�b �Q�7 �i�?�2 �K�Q�/�2�H�X �A�7 ���;�2�M�i�b �+�Q�`�`�2�+�i�H�v ���M�i�B�+�B�T���i�2 �i�?�2�v ���`�2 �B�M �� �b�i�2���/�v �b�i���i�2�- �i�?�2�`�2 �B�b �M�Q

�+�Q�M�b�m�K�T�i�B�Q�M �b�K�Q�Q�i�?�B�M�; �K�Q�i�B�p�2 �7�Q�` �b���p�B�M�;�-sn = 0 ���M�/X n = (1 � � n ) wnLn + M n �X �A�7 ���;�2�M�i�b

�B�M�+�Q�`�`�2�+�i�H�v ���M�i�B�+�B�T���i�2 �b�?�Q�+�F�b ���M�/ �b���p�2 �7�Q�` �T�`�2�+���m�i�B�Q�M���`�v �K�Q�i�B�p�2�b�- �i�?�2 �b���K�2 �2�[�m���H�B�i�v �#�2�i�r�2�2�M

�2�t�T�2�M�/�B�i�m�`�2 ���M�/ �B�M�+�Q�K�2 �?�Q�H�/�b �i�Q �� �}�`�b�i �Q�`�/�2�`�-X n = 1� sn
1� sn + � n sn

((1 � � n ) wnLn + M n ) �r�B�i�?
1� sn

1� sn + � n sn
� 1�X�j�k �1�[�m�B�H�B�#�`�B�m�K �r���;�2�b �D�Q�B�M�i�H�v �+�H�2���` �K���`�F�2�i�b �;�B�p�2�M �i�?�2 �i�`���/�2 �2�[�m�B�H�B�#�`�B�m�K�-

wi L i =
X

n

� ni

�
(1 � � n ) wnLn + M n

�
�- ���M�/� ni =

(wi=T 1=�
i dni )

� �

P
k (wk=T 1=�

k dnk )� � ; �U�3�V

���M�/ �i�?�2 ���;�;�`�2�;���i�2 �b�i�Q�+�F �Q�7 �+�Q�B�M�b �B�M �+�B�`�+�m�H���i�B�Q�M �B�b �+�Q�M�b�i���M�i�-
P

n M n =
P

n � nwnLn �X�j�j

�j�k�q�2 �2�b�i�B�K���i�2� = 1 :7% �T�X���X �U�b�2�+�i�B�Q�M�j�X�R�V�c�a�+�?�2�B�/�2�H�U�k�y�R�8�V �+���H�+�m�H���i�2�bs = 1 :5%�c �b�Q�s = 0 :000255� 0�X
�j�j �A�7 ���;�;�`�2�;���i�2 �K�B�M�i�B�M�; �B�M�+�`�2���b�2�b�- �M�Q�K�B�M���H �r���;�2�b �r�B�H�H �B�M�+�`�2���b�2�- �H�2���/�B�M�; �i�Q �;�H�Q�#���H �B�M�~���i�B�Q�M�X
�P�m�` �K�Q�/�2�H �B�b ���M���H�Q�;�Q�m�b �i�Q�.�2�F�H�2 �2�i ���H�X�U�k�y�y�d�V�- �r�B�i�? �i�`���/�2 �/�2�}�+�B�i�b ���M�/ �b�m�`�T�H�m�b�2�b�X �1�t�T�2�M�/�B�i�m�`�2�b �K�B�M�m�b �B�M�+�Q�K�2��

�i�?�2 �i�`���/�2 �/�2�}�+�B�i �Q�7 �H�Q�+���i�B�Q�Mn�-Dn � X n � wn L n = M n � � n wn L n ���B�b �2�[�m���H �i�Q �i�?�2 �M�2�i �+�`�2���i�B�Q�M �Q�7 �+�Q�B�M�b�X ���M�v
�M�Q�M�@�K�B�M�i �H�Q�+���i�B�Q�M �`�m�M�b �� �i�`���/�2 �b�m�`�T�H�m�b(Dn < 0)�- ���M�/ �� �K�B�M�i �H�Q�+���i�B�Q�M �`�m�M�b �� �i�`���/�2 �/�2�}�+�B�i �B�7 �K�B�M�i�B�M�; �B�b �H���`�;�2
�2�M�Q�m�;�?�- �r�B�i�? ���i �H�2���b�i �Q�M�2 �K�B�M�i �H�Q�+���i�B�Q�M �r�2���F�H�v �`�m�M�M�B�M�; �� �i�`���/�2 �/�2�}�+�B�i �2���+�? �T�2�`�B�Q�/�X
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�k�X�k �.�v�M���K�B�+ ���+�+�m�K�m�H���i�B�Q�M �B�M �+�Q�B�M �?�Q���`�/�b

�P�m�` ���B�K �B�b �i�Q �K���i�+�? �i�?�2 �[�m���M�i�B�i�B�2�b �B�M �Q�m�` �K�Q�/�2�H �i�Q �Q�m�` �/���i�� �Q�M ���M�+�B�2�M�i �+�Q�B�M�b�- �r�?�B�+�? �+�Q�M�i���B�M

�B�M�7�Q�`�K���i�B�Q�M �Q�M �K�B�M�i�f�?�Q���`�/ �H�Q�+���i�B�Q�M�b ���M�/ �/���i�2�b�X �h�Q �/�Q �b�Q�- �r�2 �2�t�T�H�B�+�B�i�H�v �7�Q�H�H�Q�r �i�?�2 �K�Q�p�2�K�2�M�i�b

�Q�7 �B�M�/�B�p�B�/�m���H �+�Q�B�M�b ���b �i�?�2�v �i�`���p�2�H �i�?�`�Q�m�;�? �i�?�2 �i�`���/�2 �M�2�i�r�Q�`�F�X

�q�2 �/�2�M�Q�i�2 �#�vSmi [t; � ] �i�?�2 �M�m�K�#�2�` �Q�7 �+�Q�B�M�b �K�B�M�i�2�/ �B�M �H�Q�+���i�B�Q�Mm ���i �i�B�K�2t �r�?�B�+�? ���`�2 �T���`�i �Q�7

�i�?�2 �+�Q�B�M �b�i�Q�+�F �Q�7 �H�Q�+���i�B�Q�Mi ���i �i�B�K�2� �- �r�B�i�?Si [� ] =
P N

m=1

P
t<� Smi [t; � ]�X �*�Q�B�M�b �b�i���`�i �i�?�2�B�` �õ�+�Q�B�M

�H�B�7�2�ö �r�?�2�M �i�?�2�v ���`�2 �K�B�M�i�2�/�- �b�QSmm [t; t ] = Mm [t]�X �a�m�#�b�2�[�m�2�M�i�H�v�- �i�?�2�v �+�B�`�+�m�H���i�2 ���+�`�Q�b�b �H�Q�+���i�B�Q�M�b

���b �i�?�2�v ���`�2 �m�b�2�/ �7�Q�` �i�`���M�b���+�i�B�Q�M�b �Q�` �b���p�2�/�-

Smi [t; � + 1] =
NX

n=1

(1 � sn [� ]) (1 � � n [� ]) Smn [t; � ] � ni [� ] + si [� ] (1 � � i [� ]) Smi [t; � ] : �U�N�V

���i �i�B�K�2� �- �2���+�? �H�Q�+���i�B�Q�Mn �?���b �� �b�i�Q�+�F �Q�7 �+�Q�B�M�b �b�2�i ���b�B�/�2�X �� �7�`���+�i�B�Q�M(1 � sn [� ]) �B�b �b�T�2�M�i �Q�M �;�Q�Q�/�b

�U�M�Q�i �b���p�2�/�V�X �P�7 �i�?�Q�b�2 �+�Q�B�M�b�-(1 � � n [� ]) Smn [t; � ] �r�2�`�2 �K�B�M�i�2�/ �B�M �H�Q�+���i�B�Q�Mm ���i �i�B�K�2t�X �*�Q�M�@

�b�m�K�2�`�b �B�Mn �b�2�M�/ �� �7�`���+�i�B�Q�M� ni [� ] �Q�7 �i�?�Q�b�2 �+�Q�B�M�b �i�Qi �i�Q �T���v �7�Q�` �B�K�T�Q�`�i�2�/ �;�Q�Q�/�b�X �q�2 ���b�b�m�K�2 �i�?���i

�+�Q�B�M�b ���`�2 �7�m�M�;�B�#�H�2 �b�Q �#�m�v�2�`�b �/�`���r �+�Q�B�M�b ���i �`���M�/�Q�K�- ���M�/(1 � sn [� ]) (1 � � n [� ]) Smn [t; � ] � ni [� ]

�+�Q�B�M�b �K�B�M�i�2�/ �B�M �H�Q�+���i�B�Q�Mm ���i �i�B�K�2t �K�Q�p�2 �7�`�Q�Kn �i�Qi ���i �i�B�K�2� �B�M �2�t�T�2�+�i���i�B�Q�M�X �a�m�K�K�B�M�;

���+�`�Q�b�b ���H�H �U�+�Q�B�M�V �Q�`�B�;�B�M�b �r�2 �/�2�`�B�p�2 �i�?�2 �}�`�b�i �i�2�`�K �U�b�m�K�V �B�M �2�[�m���i�B�Q�M �U�N�V�X �A�M ���/�/�B�i�B�Q�M�- �� �7�`���+�i�B�Q�M

si [� ] �Q�7 �+�Q�B�M�b �B�b �b���p�2�/ �H�Q�+���H�H�v ���M�/ �`�2�K���B�M�b �B�M �`�2�;�B�Q�Mi �- �i�?�2 �b�2�+�Q�M�/ �i�2�`�K �B�M �2�[�m���i�B�Q�M �U�N�V�X �q�2

�+���M �2�t�T�`�2�b�b �i�?�2 �/�v�M���K�B�+ �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �+�Q�B�M �b�i�Q�+�F�b �B�M �� �+�Q�K�T���+�i �K���i�`�B�t �7�Q�`�K�-

S [t; t ] = M [t] ���M�/S [t; � + 1] = S[t; � ] (I � � [� ]) ~� [� ]�- ���M�/ �b�Q�H�p�2 �B�i �7�Q�`�r���`�/�-

S [t; T ] = M [t]

 
T � 1Y

� = t

(I � � [� ]) ~� [� ]

!

8T � t; �r�B�i�?~� [� ] � (I � s [� ]) � [� ] + s [� ] : �U�R�y�V

S[t; T ] �B�b �i�?�2 �b�[�m���`�2N � N �K���i�`�B�t �Q�7 �+�Q�B�M �b�i�Q�+�F�b �r�B�i�?(n; i )th �2�H�2�K�2�M�iSni [t; T ]�XM [t] �B�b ��

�/�B���;�Q�M���HN � N �K���i�`�B�t �Q�7 �K�B�M�i�B�M�; �r�B�i�?nth �2�H�2�K�2�M�iM n [t]�XI �B�b �i�?�2N � N �B�/�2�M�i�B�i�v �K���i�`�B�t ���M�/

� [� ] �B�b �� �/�B���;�Q�M���HN � N �K���i�`�B�t �Q�7 �+�Q�B�M �H�Q�b�b �r�B�i�?nth �2�H�2�K�2�M�i� n [� ]�X~� [� ] �B�b �i�?�2 �b�[�m���`�2N � N

�K���i�`�B�t�- �r�?�B�+�? �;�Q�p�2�`�M�b �#�B�H���i�2�`���H �+�Q�B�M �~�Q�r�b�X �h�?�B�b �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2 �K���i�`�B�t~� [� ] �B�b �� �7�m�M�+�i�B�Q�M

�Q�7s [� ]�- �i�?�2 �/�B���;�Q�M���HN � N �K���i�`�B�t �Q�7 �M�2�i �b���p�B�M�; �`���i�2�b �r�B�i�?nth �2�H�2�K�2�M�isn [� ]�- ���M�/� [� ]�- �i�?�2

�i�`���/�2 �K���i�`�B�t �r�B�i�?(n; i )th �2�H�2�K�2�M�i� ni [� ]�X �1�[�m���i�B�Q�M �U�R�y�V �7�Q�`�K�b �i�?�2 �#���b�B�b �Q�7 �Q�m�` �2�b�i�B�K���i�B�Q�M�X

�"�2�7�Q�`�2 �/�2�b�+�`�B�#�B�M�; �Q�m�` �2�b�i�B�K���i�B�Q�M �b�i�`���i�2�;�v�- �r�2 �B�b�Q�H���i�2 �i�r�Q �Q�`�B�;�B�M���H �7�2���i�m�`�2�b �Q�7 �Q�m�` �K�Q�/�2�H�-

�r�?�B�+�? �?�2�H�T�b �;���B�M �B�M�i�m�B�i�B�Q�M �Q�M �?�Q�r �r�2 �+���M �2�t�i�`���+�i �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�`���/�2 �7�`�Q�K �+�Q�B�M�b�- ���M�/

�r�?�B�+�? �+�H���`�B�}�2�b �i�?�2 �/�B�b�i�B�M�+�i�B�Q�M�b �#�2�i�r�2�2�M �/���i�� �Q�M �+�Q�B�M�b ���M�/ �/���i�� �Q�M �i�`���/�2�X

�*�Q�B�M�b ���b �� �K�2�/�B�m�K �Q�7 �2�t�+�?���M�;�2 �p�2�`�b�m�b �� �b�i�Q�`�2 �Q�7 �p���H�m�2�X�h�?�2 �b�i�Q�+�F �Q�7 �+�Q�B�M�bS �B�M �2�[�m���@

�i�B�Q�M �U�R�y�V �/�B�z�m�b�2�b ���+�`�Q�b�b �H�Q�+���i�B�Q�M�b �M�Q�i ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �i�`���/�2 �K���i�`�B�t� �- �#�m�i �i�Q �i�?�2 �õ���m�;�K�2�M�i�2�/�ö

�i�`���/�2 �K���i�`�B�t~� �X �"�Q�i�? �K���i�`�B�+�2�b �?���p�2 ���H�K�Q�b�i �i�?�2 �b���K�2 �b�i�`�m�+�i�m�`�2�- �r�B�i�? �Q�M�2 �/�B�b�i�B�M�+�i�B�Q�M�, �+�Q�B�M�b�-
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�m�M�H�B�F�2 �;�Q�Q�/�b�- �?���p�2 ���M ���/�/�B�i�B�Q�M���H �i�2�M�/�2�M�+�v �i�Q �b�i���v �H�Q�+���H�H�v�- �#�2�+���m�b�2 �i�?�2�v ���`�2 ���H�b�Q �m�b�2�/ ���b �� �b�i�Q�`�2

�Q�7 �p���H�m�2 �7�Q�` �b���p�B�M�;�X �h�Q �K���F�2 �i�?�B�b �/�B�b�i�B�M�+�i�B�Q�M �2�t�T�H�B�+�B�i�- �r�2 �/�2�+�Q�K�T�Q�b�2 �i�?�2 �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2

�b�?���`�2~� ni �B�M�i�Q �i�?�`�2�2 �K�m�H�i�B�T�H�B�+���i�B�p�2 �#�m�v�2�`(~� n )�- �b�2�H�H�2�`( ~� i )�- ���M�/ �#�B�H���i�2�`���H(~� ni ) �i�2�`�K�b�-

~� ni [� ] = ~� n [� ] ~� i [� ] ~� ni [� ] ; �r�B�i�? �U�R�R�V

~� n [� ] = 1=
X

k

~� k [� ] ~� nk [� ] ; ~� i [� ] =
�

wi [� ] =T1=�
i [� ]

� � �
; ���M�/

~� ni [� ] =
(dni [� ])� �

(dnn [� ])� � �

8
<

:
1 �B�7n = i;

(1 � sn [� ]=~� nn [� ]) �B�7n 6= i:

�h�?�2 �+�H���b�b�B�+���H�1���i�Q�M ���M�/ �E�Q�`�i�m�K�U�k�y�y�k�V �i�`���/�2 �K���i�`�B�t� �?���b ���H�K�Q�b�i �i�?�2 �2�t���+�i �b���K�2 �b�i�`�m�+�i�m�`�2�,

� ni = � n � i � ni �- �r�?�2�`�2� n = 1=
P

k � k � nk �-� i = ( wi =T1=�
i )� � �- ���M�/� ni = ( dni )

� � =(dnn )� � ���`�2 �#�m�v�2�`�-

�b�2�H�H�2�`�- ���M�/ �#�B�H���i�2�`���H �i�2�`�K�b�X �A�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �b���p�B�M�;�-sn = 0�- �#�Q�i�? �K���i�`�B�+�2�b ���`�2 �B�/�2�M�i�B�+���H�X �"�m�i �B�7

sn > 0 �i�?�2 �?�Q�K�2 �#�B���b �7�Q�` �+�Q�B�M�b �~�Q�r�b �B�b �K���;�M�B�}�2�/ �+�Q�K�T���`�2�/ �i�Q �i�?�2 �?�Q�K�2 �#�B���b �B�M �i�`���/�2 �~�Q�r�b�X

�1�[�m���i�B�Q�M �U�R�R�V �b�?�Q�r�b �i�?���i �+�Q�B�M ���M�/ �i�`���/�2 �~�Q�r�b �?���p�2 �i�?�2 �b���K�2 �;�`���p�B�i�v �b�i�`�m�+�i�m�`�2 �m�T �i�Q ��

�+�Q�M�b�i���M�i�- �b�Q �i�?���i �+�Q�B�M �~�Q�r�b ���M�/ �i�?�2 �b���p�B�M�; �`���i�2 ���`�2 �b�m�{�+�B�2�M�i �i�Q �`�2�+�Q�p�2�` �i�`���/�2 �~�Q�r�b�X

�*�Q�B�M �~�Q�r�b �p�2�`�b�m�b �i�`���/�2 �~�Q�r�b�X�h�?�2 �b�2�+�Q�M�/ �F�2�v �/�B�b�i�B�M�+�i�B�Q�M �#�2�i�r�2�2�M �+�Q�B�M ���M�/ �i�`���/�2 �~�Q�r�b

�B�b �i�?���i �+�Q�B�M�b �/�Q �M�Q�i �i�`���p�2�H �D�m�b�i �Q�M�+�2�, �i�?�2�v �K���v �#�2 �m�b�2�/ �7�Q�` �K�m�H�i�B�T�H�2 �i�`���M�b���+�i�B�Q�M�b �i�?�`�Q�m�;�?�Q�m�i

�i�?�2�B�` �H�B�7�2�X �h�?�B�b �B�b �K���/�2 �2�t�T�H�B�+�B�i �#�v �i�?�2 �T�`�Q�/�m�+�i �Q�7 �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2 �K���i�`�B�+�2�b �B�M �2�[�m���i�B�Q�M �U�R�y�V�X

�P�m�` �b�i�`�m�+�i�m�`���H �2�b�i�B�K���i�B�Q�M �m�M�T���+�F�b �i�?�2 �/�B�z�2�`�2�M�i �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �T�`�Q�/�m�+�i �Q�7 �i�?�Q�b�2 �K���i�`�B�+�2�b�-

�H�2�p�2�`���;�B�M�; �i�?�2 �Q�p�2�`�H���T�T�B�M�; �v�2�i �/�B�b�i�B�M�+�i �B�M�7�Q�`�K���i�B�Q�M �+�Q�M�i���B�M�2�/ �B�M �v�Q�m�M�; �p�2�`�b�m�b �Q�H�/ �+�Q�B�M�b���r�?�B�+�?

�?���p�2 �i�`���p�2�H�2�/ �i�?�`�Q�m�;�? �� �7�2�r �p�2�`�b�m�b �K���M�v �B�i�2�`���i�B�Q�M�b �Q�7 �i�?�2 �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2 �K���i�`�B�+�2�b�X

�� �M���B�p�2 �;�`���p�B�i�v �2�b�i�B�K���i�B�Q�M �i�?���i �+�Q�K�#�B�M�2�b ���H�H �+�Q�B�M�b �Q�7 �/�B�z�2�`�2�M�i ���;�2�b�- �r�`�Q�M�;�H�v �B�;�M�Q�`�B�M�; �i�?�2

�/�v�M���K�B�+ �M���i�m�`�2 �Q�7 �+�Q�B�M �~�Q�r�b�- �r�Q�m�H�/ �M�Q�i �B�/�2�M�i�B�7�v �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2

�K���i�`�B�t�X �h�?�B�b �+���M �#�2 �K�Q�b�i �2���b�B�H�v �b�2�2�M �B�M �� �b�i���i�B�Q�M���`�v �p�2�`�b�B�Q�M �Q�7 �Q�m�` �K�Q�/�2�H�- �i�?�Q�m�;�? �i�?�2 �`�2�b�m�H�i

�2�t�i�2�M�/�b �i�Q �M�Q�M�@�b�i���i�B�Q�M���`�v �+���b�2�b�X �A�M �� �b�i���i�B�Q�M���`�v �2�[�m�B�H�B�#�`�B�m�K �i�?�2�`�2 �B�b �M�Q �M�2�i �b���p�B�M�;�-s [� ] = 0; 8� �-

���M�/ �i�?�2 �i�`���/�2 �K���i�`�B�t ���M�/ �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2 �K���i�`�B�t ���`�2 �B�/�2�M�i�B�+���H ���M�/ �i�B�K�2 �B�M�p���`�B���M�i�-~� = � �X

�h�?�2 �/�v�M���K�B�+�b �Q�7 �+�Q�B�M �b�i�Q�+�F�b �B�M �2�[�m���i�B�Q�M �U�R�y�V �b�B�K�T�H�B�7�v �B�M�i�Q

S[t; t + a] = S[a] = M
�

(I � � ) �
� a

; 8 (t; a) ; �U�R�k�V

�b�m�+�? �i�?���i �Q�M�H�v ���;�2�-a�- �K���i�i�2�`�b�X �*�Q�K�#�B�M�B�M�; �+�Q�B�M�b �Q�7 �/�B�z�2�`�2�M�i ���;�2�b�- �r�2 �;�2�i
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� a
!

=
A! + 1

M
�

I � (I � � ) �
� � 1

: �U�R�j�V

�h�?�2 �b�?���`�2 �Q�7 �+�Q�B�M�b �7�`�Q�K �/�B�z�2�`�2�M�i �K�B�M�i �Q�`�B�;�B�M�b �B�M �/�B�z�2�`�2�M�i �/�2�b�i�B�M���i�B�Q�M�b �/�2�T�2�M�/�b �M�Q�i �Q�M �i�?�2

�R�d



�6�B�;�m�`�2 �8�, �6�H�Q�r�b �Q�7 �+�Q�B�M�b �Q�7 �/�B�z�2�`�2�M�i ���;�2�b
�L�Q�i�2�b�,�h�?�B�b �}�;�m�`�2 �T�`�2�b�2�M�i�b �� �M�m�K�2�`�B�+���H �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �~�Q�r �Q�7 �+�Q�B�M�b �Q�7 �/�B�z�2�`�2�M�i ���;�2�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�`���/�2 �+�Q�b�i�b�X �q�2 �m�b�2
�2�[�m���i�B�Q�M�b �U�R�k�V ���M�/ �U�R�j�V�- ���M�/ �i�?�2 �i�`���/�2 �K�Q�/�2�H �U�9�V �i�Q �b�B�K�m�H���i�2 ���M �2�+�Q�M�Q�K�v �r�B�i�? �8�y �H�Q�+���i�B�Q�M�b ���`�Q�m�M�/ �� �`�2�;�m�H���` �T�Q�H�v�;�Q�M�- �r�B�i�? �b���K�2
�i�2�+�?�M�Q�H�Q�;�vTn = T; 8n�- �� �i�`���/�2 �2�H���b�i�B�+�B�i�v� = 4 �- ���M�/ ���M ���M�M�m���H �+�Q�B�M �H�Q�b�b �`���i�2� = 0 :017�X �G�Q�+���i�B�Q�M�b ���`�2 �b�v�K�K�2�i�`�B�+ �b�Q �r���;�2�b
���`�2 �2�[�m���H�B�x�2�/ ���M�/ �i�`���/�2 �b�?���`�2�b �b�B�K�T�H�B�7�v �i�Q� ni = ( dni ) � � =

P
k (dnk ) � � �X �q�2 �T���`���K�2�i�2�`�B�x�2(dni ) � � = ( T ravelT imes ni ) � � �r�B�i�?

� = 3 :03���b�2�2 �Q�m�` �b�i�`�m�+�i�m�`���H �2�b�i�B�K���i�B�Q�M �B�M �i���#�H�2�j�X �G�Q�; �i�`���p�2�H �i�B�K�2�b ���`�2 �Q�M �i�?�2 �t�@���t�B�b�c ���M�/ �H�Q�; �~�Q�r�b �Q�7 �+�Q�B�M�b �Q�7 �/�B�z�2�`�2�M�i ���;�2�b �Q�M �i�?�2
�v�@���t�B�b��ln( Sni [t; t + a]) �7�Q�` ���;�2a�X �h�Q �2���b�2 �+�Q�K�T���`�B�b�Q�M�b�- �r�2 �M�Q�`�K���H�B�x�2 �i�?�2 �H���`�;�2�b�i �H�Q�; �~�Q�r�b ���M�/ �b�K���H�H�2�b�i �H�Q�; �i�`���p�2�H �i�B�K�2�b �i�Q �x�2�`�Q�- �b�Q
���H�H �+�m�`�p�2�b �b�i���`�i ���i �U�y�-�y�V�X �õ�L���B�p�2�H�v�ö �+�Q�K�#�B�M�B�M�; �+�Q�B�M�b �Q�7 ���H�H ���;�2�b�- �B�X�2�X �i�`�2���i�B�M�; �i�?�2 �G�2�Q�M�i�B�2�7 �B�M�p�2�`�b�2(I � (I � � ) � ) � 1 ���b �B�7 �B�i �r�2�`�2 �i�?�2
�i�`���/�2 �K���i�`�B�t� �- �;�B�p�2�b �� �K�B�b�b�T�2�+�B�}�2�/ �i�`���p�2�H �i�B�K�2�b �2�H���b�i�B�+�B�i�v �Q�7�R�X�R�8�U�P�G�a �2�b�i�B�K���i�2�V�- �b�m�#�b�i���M�i�B���H�H�v �#�2�H�Q�r �i�?�2 �i�`�m�2� = 3 :03�X

�i�`���/�2 �K���i�`�B�t� �- �#�m�i �Q�M �i�?�2 �G�2�Q�M�i�B�2�7 �B�M�p�2�`�b�2 �Q�7 �i�?�2 �i�`���/�2 �K���i�`�B�t �/�B�b�+�Q�m�M�i�2�/ �#�v(I � � )�,

(I � (I � � ) � )� 1�X �h�?�2 �`�2���b�Q�M �B�b �b�B�K�T�H�2�, �M�2�r�H�v �K�B�M�i�2�/ �+�Q�B�M�b �T�2�`�+�Q�H���i�2 �i�?�`�Q�m�;�? �i�?�2 �i�`���/�2

�M�2�i�r�Q�`�F�- �D�m�b�i ���b �p���H�m�2 ���/�/�2�/ �b�?�Q�+�F�b �T�2�`�+�Q�H���i�2 �i�?�`�Q�m�;�? �i�?�2 �B�M�T�m�i�@�Q�m�i�T�m�i �M�2�i�r�Q�`�F �B�M �i�?�2 �r�Q�`�F �Q�7

�q���b�b�B�H�v �G�2�Q�M�i�B�2�7 �U�G�2�Q�M�i�B�2�7�-�R�N�9�R�-�R�N�9�9�V�X �h�?�2 �B�M�i�2�M�b�B�i�v �r�B�i�? �r�?�B�+�? �+�Q�B�M�b �~�Q�r �7�`�Q�K �Q�M�2 �H�Q�+���i�B�Q�M

�i�Q ���M�Q�i�?�2�` �/�2�T�2�M�/�b �Q�M �#�B�H���i�2�`���H �i�`���/�2 �b�?���`�2�b�- �D�m�b�i ���b �i�?�2 �B�M�i�2�M�b�B�i�v �r�B�i�? �r�?�B�+�? �Q�M�2 �m�T�b�i�`�2���K

�b�2�+�i�Q�` ���z�2�+�i�b �i�?�2 �T�`�Q�/�m�+�i�B�Q�M �Q�7 �� �/�Q�r�M�b�i�`�2���K �b�2�+�i�Q�`�b �/�2�T�2�M�/�b �Q�M �#�B�H���i�2�`���H �B�M�T�m�i �b�?���`�2�b�X �h�?�2

�b���K�2 �+�Q�B�M �r�B�H�H �i�`���p�2�H �K�m�H�i�B�T�H�2 �i�B�K�2�b �i�?�`�Q�m�;�? �i�?�2 �i�`���/�2 �M�2�i�r�Q�`�F �U�m�M�i�B�H �?�B�i �#�v �� �S�Q�B�b�b�Q�M �/�2���i�?

�b�?�Q�+�F� �V�- �D�m�b�i ���b �p���H�m�2 ���/�/�2�/ �i�`���p�2�H�b �K�m�H�i�B�T�H�2 �i�B�K�2�b �i�?�`�Q�m�;�? �i�?�2 �B�M�T�m�i�@�Q�m�i�T�m�i �M�2�i�r�Q�`�F�X �>�Q�r�@

�2�p�2�`�- �m�M�H�B�F�2 �B�M �+�Q�M�p�2�M�i�B�Q�M���H �b�i���i�B�+ �K�Q�/�2�H�b �Q�7 �B�M�T�m�i�@�Q�m�i�T�m�i �H�B�M�F���;�2�b�- �+�Q�B�M�b �i���F�2 �i�B�K�2 �i�Q �T�2�`�+�Q�H���i�2

�i�?�`�Q�m�;�? �i�?�2 �b�v�b�i�2�K�- �b�B�K�B�H���` �i�Q �i�?�2 �/�v�M���K�B�+ �K�Q�/�2�H �Q�7�G�B�m ���M�/ �h�b�v�p�B�M�b�F�B�U�k�y�k�9�V�X

�6�B�;�m�`�2�8�B�H�H�m�b�i�`���i�2�b �i�?�2 �T�Q�i�2�M�i�B���H �#�B���b �7�`�Q�K �r�`�Q�M�;�H�v �B�M�i�2�`�T�`�2�i�B�M�; �+�Q�B�M �~�Q�r�b ���b �i�`���/�2 �~�Q�r�b

���M�/ �B�;�M�Q�`�B�M�; �+�Q�B�M ���;�2�b�X �q�B�i�?�B�M �i�?�2 �}�`�b�i �T�2�`�B�Q�/ �Q�7 �i�?�2�B�` �H�B�7�2�- �+�Q�B�M �~�Q�r�b �K�B�`�`�Q�` �i�`���/�2 �~�Q�r�b �U�

�B�M �}�;�m�`�2�8�V�X �h�?�2 �b���K�2 �2�H���b�i�B�+�B�i�v �;�Q�p�2�`�M�b �+�Q�B�M ���M�/ �i�`���/�2 �~�Q�r�b�-Sni [t; t + 1] / � ni / (dni )
� � �X

�A�M �i�?�2 �b�2�+�Q�M�/ �T�2�`�B�Q�/ �Q�7 �i�?�2�B�` �H�B�7�2�- �+�Q�B�M�b �?���p�2 �i�`���p�2�H�2�/ �i�r�B�+�2 �i�?�`�Q�m�;�? �i�?�2 �i�`���/�2 �M�2�i�r�Q�`�F �U� 2 �B�M

�R�3



�}�;�m�`�2�8�V�X �h�?�2 �M�2�;���i�B�p�2 �B�K�T���+�i �Q�7 �i�`���/�2 �+�Q�b�i�b �Q�p�2�` �b�?�Q�`�i �/�B�b�i���M�+�2�b �r�2���F�2�M�b ���b �+�Q�B�M�b �?���p�2 �b�i���`�i�2�/

�/�B�z�m�b�B�M�; �r�B�i�?�B�M �M�2���`�#�v �/�2�b�i�B�M���i�B�Q�M�b�X ���b �+�Q�B�M�b ���;�2�- �i�?�2�B�` �~�Q�r�b �;�`���/�m���H�H�v �2�b�+���T�2 �i�?�2 �M�2�;���i�B�p�2

�2�z�2�+�i �Q�7 �i�`���/�2 �+�Q�b�i�b�c �+�Q�B�M�b �/�B�z�m�b�2 �i�?�`�Q�m�;�? �i�?�2 �i�`���/�2 �M�2�i�r�Q�`�F ���M�/ �+�Q�M�p�2�`�;�2 �i�Q�r���`�/�b �� �m�M�B�7�Q�`�K

�/�B�b�i�`�B�#�m�i�B�Q�M �U�b�2�2 �i�?�2 �~���i�i�2�M�B�M�; �b�H�Q�T�2�b �Q�7� ; � 2; � � � � 100 �B�M �}�;�m�`�2�8�V�X�j�9 �� �M���B�p�2 �2�b�i�B�K���i�B�Q�M �m�b�B�M�;

�+�Q�B�M�b �Q�7 ���H�H ���;�2�b �+�Q�K�#�B�M�2�/�- �B�X�2�X �r�`�Q�M�;�H�v �B�M�i�2�`�T�`�2�i�B�M�; �i�?�2 �G�2�Q�M�i�B�2�7 �B�M�p�2�`�b�2(I � (I � � ) � )� 1 ���b

�B�7 �B�i �r�2�`�2 �i�?�2 �i�`���/�2 �K���i�`�B�t� �- �r�Q�m�H�/ �B�M�7�2�` �B�M�+�Q�`�`�2�+�i �T���`���K�2�i�2�`�b�X �A�M �Q�m�` �M�m�K�2�`�B�+���H �2�t���K�T�H�2�- �B�7 �r�2

���b�b�m�K�2 �i�?���i �i�`���/�2 �/�2�T�2�M�/�b �Q�M �i�`���p�2�H �i�B�K�2�b�-(dni )
� � = ( T ravelT imesni )

� � �- �r�B�i�? �� �i�`�m�2 �2�H���b�i�B�+�B�i�v

� = 3:03�- �r�2 �r�Q�m�H�/ �r�`�Q�M�;�H�v �2�b�i�B�K���i�2 ���M �2�H���b�i�B�+�B�i�v �Q�7�R�X�R�8�X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b ���T�T�`�Q�t�B�K���i�2�H�v �i�Q

�i�?�2 �/�B�b�+�`�2�T���M�+�v �#�2�i�r�2�2�M �Q�m�` �`�2�/�m�+�2�/�@�7�Q�`�K �2�b�i�B�K���i�2 �+�Q�K�#�B�M�B�M�; �+�Q�B�M�b �Q�7 ���H�H ���;�2�b �U�R�X�R�9�B�M �i���#�H�2�R�V

���M�/ �Q�m�` �m�T�+�Q�K�B�M�; �b�i�`�m�+�i�m�`���H �2�b�i�B�K���i�2 �U�j�X�y�j�B�M �+�Q�H�m�K�M �k �Q�7 �i���#�H�2�j�V�X�j�8 ���T�T�2�M�/�B�t�"�X�8���M�/ �}�;�m�`�2

�"�X�9�b�?�Q�r �`�2�/�m�+�2�/�@�7�Q�`�K �2�p�B�/�2�M�+�2 �b�m�;�;�2�b�i�B�p�2 �Q�7 �i�?�B�b �T�?�2�M�Q�K�2�M�Q�M �B�M �Q�m�` �+�Q�B�M �/���i���b�2�i�, ���+�`�Q�b�b

�b�2�T���`���i�2 �;�`���p�B�i�v �`�2�;�`�2�b�b�B�Q�M�b �U���b �B�M �i���#�H�2�R�V �7�Q�` �+�Q�B�M�b �Q�7 �/�B�z�2�`�2�M�i ���;�2�b�- �i�?�2 �2�H���b�i�B�+�B�i�v �B�M ���#�b�Q�H�m�i�2

�p���H�m�2 �7���H�H�b �i�Q�r���`�/�b �x�2�`�Q ���b �r�2 �K�Q�p�2 �7�`�Q�K �v�Q�m�M�;�2�` �i�Q �Q�H�/�2�` �+�Q�B�M�b�X

�j �1�b�i�B�K���i�B�Q�M

�j�X�R �J���T�T�B�M�; �i�?�2 �K�Q�/�2�H �i�Q �i�?�2 �/���i��

�h�Q �K���T �i�?�2 �K�Q�/�2�H �i�Q �i�?�2 �/���i���- �r�2 �M�2�2�/ �i�Q �/�2�}�M�2 �i�?�2 �2�K�T�B�`�B�+���H �+�Q�m�M�i�2�`�T���`�i�b �i�Q �i�B�K�2 �T�2�`�B�Q�/�b�-t�-

�H�Q�+���i�B�Q�M�b�-n�- �i�?�2 �+�Q�B�M �H�Q�b�b �`���i�2�-� �- ���M�/ �r�2 �T���`���K�2�i�2�`�B�x�2 �i�`���/�2 �+�Q�b�i�b ���b �� �7�m�M�+�i�B�Q�M �Q�7 �Q�#�b�2�`�p���#�H�2�b�X

�.�2�}�M�B�i�B�Q�M �Q�7 �i�B�K�2 �T�2�`�B�Q�/�b�X�q�2 ���;�;�`�2�;���i�2 �K�B�M�i ���M�/ �?�Q���`�/ �/���i�2�b �U�i�T�[�V �i�Q �k�y�@�v�2���` �B�M�i�2�`�p���H�b�-

���M�/ �b�?�Q�r �`�Q�#�m�b�i�M�2�b�b �7�Q�` �b�?�Q�`�i�2�` �U�R�y�@�v�2���`�V ���M�/ �H�Q�M�;�2�` �U�j�y�@�v�2���`�V �B�M�i�2�`�p���H�b�X

�.�2�}�M�B�i�B�Q�M �Q�7 �H�Q�+���i�B�Q�M�b�X�q�2 �T���`�i�B�i�B�Q�M �i�?�2 �r�Q�`�H�/ �B�M�i�QN = 13 �`�2�;�B�Q�M�b�X �A�M �i�?�2 �A�b�H���K�B�+ �r�Q�`�H�/

�i�?�2�v �+�Q�`�`�2�b�T�Q�M�/ �i�Q ���;�;�`�2�;���i�2�b �Q�7 �T�`�Q�p�B�M�+�2�b �Q�7 �i�?�2 �l�K���v�v���/ �+���H�B�T�?���i�2 �U�*�Q�`�M�m�-�R�N�3�j�V�X �A�M �i�?�2

�_�Q�K���M �r�Q�`�H�/ �i�?�2�v ���`�2 �#���b�2�/ �T���`�i�H�v �Q�M �_�Q�K���M �T�`�Q�p�B�M�+�B���H �#�Q�`�/�2�`�b�- ���M�/ �T���`�i�H�v �Q�M �N�i�?�@�+�2�M�i�m�`�v

�T�Q�H�B�i�B�+���H �#�Q�`�/�2�`�b �U�b�2�2 ���T�T�2�M�/�B�t�� �V�X

���b�b�m�K�T�i�B�Q�M�, �+�Q�M�b�i���M�i �H�Q�b�b �`���i�2�X�q�B�i�? �� �+�Q�M�b�i���M�i �H�Q�b�b �`���i�2� �- ���M�v �+�Q�H�H�2�+�i�B�Q�M �Q�7 �+�Q�B�M�b �K�B�M�i�2�/

���i �i�B�K�2t �r�B�H�H �;�`���/�m���H�H�v �/�B�b���T�T�2���` �7�`�Q�K �i�?�2 �K�Q�M�2�i���`�v �b�v�b�i�2�K�X ���i �i�B�K�2t + 1 �Q�M�H�v �� �7�`���+�i�B�Q�M

(1 � � ) �`�2�K���B�M�b�- ���i �i�B�K�2t + 2 �� �7�`���+�i�B�Q�M(1 � � )2�- �2�i�+�X �h�?�2 �b���K�2 �2�t�T�Q�M�2�M�i�B���H �/�2�+���v �?�Q�H�/�b �7�Q�`

���M�v �b�i���`�i�B�M�; �/���i�2t�- ���M�/ �B�i �?�Q�H�/�b �7�Q�` �i�?�2 �`���M�/�Q�K �b���K�T�H�2 �7�Q�m�M�/ �#�v ���`�+�?���2�Q�H�Q�;�B�b�i�b�X �q�2 ���;�;�`�2�;���i�2

�j�9�P�m�` �K�Q�/�2�H �Q�7 �;�`���/�m���H �/�B�z�m�b�B�Q�M �Q�7 �+�Q�B�M�b �i�?�`�Q�m�;�? �� �i�`���/�2 �M�2�i�r�Q�`�F �B�b �B�M�i�B�K���i�2�H�v �`�2�H���i�2�/ �i�Q �i�?�2 �K�Q�/�2�H �Q�7
�/�B�z�m�b�B�Q�M �Q�7 �B�M�7�Q�`�K���i�B�Q�M �i�?�`�Q�m�;�? �� �i�`���/�2 �M�2�i�r�Q�`�F �B�M�*�?���M�2�v�U�k�y�R�3�V�X

�j�8�6�B�;�m�`�2�8�B�b �� �b�i�v�H�B�x�2�/ �2�t���K�T�H�2 �r�B�i�? �b�v�K�K�2�i�`�B�+ �H�Q�+���i�B�Q�M�b ���`�Q�m�M�/ �� �`�2�;�m�H���` �T�Q�H�v�;�Q�M�- �K�2���M�i �i�Q �#�m�B�H�/ �B�M�i�m�B�i�B�Q�M�-
�M�Q�i �i�Q �`�2�b�2�K�#�H�2 �i�?�2 �`�2���H ���M�+�B�2�M�i �r�Q�`�H�/�X �h�?�2 �T�`�Q�t�B�K�B�i�v �#�2�i�r�2�2�M �R�X�R�8 �B�M �}�;�m�`�2�8���M�/ �R�X�R�9 �B�M �i���#�H�2�R�B�b �+�Q�B�M�+�B�/�2�M�i���H�X

�R�N



���H�H �i�?�2 �+�Q�B�M�b �B�M �Q�m�` �/���i���b�2�i�- ���M�/ �2�t�T�`�2�b�b �i�?�2 �/�2�M�b�B�i�v �Q�7 �+�Q�B�M�b �Q�7 ���;�2a ���bf (a) / (1 � � )a�-

�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �}�;�m�`�2�j�#�X �h���F�B�M�; �H�Q�;�b�- �r�2 �2�b�i�B�K���i�2� �#�v �P�G�a�-

ln f (a) = constant + ln (1 � � ) � a + " (a) : �U�R�9�V

�q�2 �2�b�i�B�K���i�2 �� �+�Q�B�M �H�Q�b�b �`���i�2 �Q�7�R�X�d�W �T�2�` �v�2���`�- �Q�`�j�y�W �Q�p�2�` �k�y �v�2���`�b�-�̂ 20� year = 0:3�X�j�e

�S���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7 �i�`���/�2 �+�Q�b�i�b�X�q�2 ���b�b�m�K�2 �i�?���i �#�B�H���i�2�`���H �i�`���/�2 �+�Q�b�i�b �b�+���H�2�/ �#�v �i�?�2 �i�`���/�2

�2�H���b�i�B�+�B�i�v� ���`�2 �� �7�m�M�+�i�B�Q�M �Q�7 �U�/�B�`�2�+�i�2�/�V �#�B�H���i�2�`���H �i�`���p�2�H �i�B�K�2�b�- ���M�/ �� �T�Q�b�b�B�#�H�2 ���/�@�p���H�Q�`�2�K �T�`�Q�@

�T�Q�`�i�B�Q�M���H �T�2�M���H�i�v �B�M�+�m�`�`�2�/ �r�?�2�M �+�`�Q�b�b�B�M�; �T�Q�H�B�i�B�+���H �Q�` �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�`�b�-

ln
�

(dni [t])� �
�

= � 0 � � ln (T ravelT imeni ) �U�R�8�V

� � P ol:PoliticalBorder ni [t] � � Rel: � ReligiousBorderni [t] ; 8(n 6= i; t ):

�q�2 �M�Q�`�K���H�B�x�2dnn [t] = 1; 8n; t; ���b �B�M�1���i�Q�M ���M�/ �E�Q�`�i�m�K�U�k�y�y�k�V�X �h�?�2 �+�Q�M�b�i���M�i� 0 ���/�D�m�b�i�b

�i�`���p�2�H �i�B�K�2 �m�M�B�i�b�- ���M�/ �;�Q�p�2�`�M�b �i�?�2 �?�Q�K�2 �#�B���b �B�M �i�`���/�2�X�j�d � Rel: �B�b �2�B�i�?�2�` �� �b�+���H���` �Q�` �� �p�2�+�i�Q�`

�/�B�b�i�B�M�;�m�B�b�?�B�M�; �i�?�2 �2���b�i�2�`�M�- �r�2�b�i�2�`�M�- ���M�/ �J�2�/�B�i�2�`�`���M�2���M �#�Q�`�/�2�`�b�-� Rel: = ( � East
Rel: ; � W est

Rel: ; � Med:
Rel: ) �B�M

�Q�m�` �#���b�2�H�B�M�2�X �6�`�Q�K �Q�m�` �õ���m�;�K�2�M�i�2�/�ö �i�`���/�2 �K�Q�/�2�H�- �r�?�B�+�? �/�2�b�+�`�B�#�2�b �+�Q�B�M �~�Q�r�b �/�`�B�p�2�M �#�Q�i�? �#�v

�i�`���/�2 ���M�/ �b���p�B�M�;�- �r�2 �/�2�`�B�p�2 �i�?�2 �#�B�H���i�2�`���H �/�2�i�2�`�K�B�M���M�i�b �Q�7 �+�Q�B�M �~�Q�r�b�-~� ni [t] �B�M �2�[�m���i�B�Q�M �U�R�R�V�-

ln
�

~� ni [t]
�

= ~� 0 � � ln (T ravelT imeni ) �U�R�e�V

� � P ol:PoliticalBorder ni [t] � � Rel: � ReligiousBorderni [t] ; 8(n 6= i; t );

���M�/~� nn [t] = 1; 8(n; t)�X �h�?�2 �#�B�H���i�2�`���H �/�2�i�2�`�K�B�M���M�i�b �Q�7 �2�t�i�2�`�M���H �i�`���/�2 �~�Q�r�b�-(dni [t])� � �- ���M�/ �+�Q�B�M

�~�Q�r�b�-~� ni [t]�- �Q�M�H�v �/�B�z�2�` �#�v �� �K�m�H�i�B�T�H�B�+���i�B�p�2 �b�+���H���`�-e~� 0 � � 0 �- �/�m�2 �i�Q �b���p�B�M�;�X �:�B�p�2�M �r�B�i�?�B�M �`�2�;�B�Q�M

�+�Q�B�M �~�Q�r�b�-~� nn [t]�- �i�?�B�b �b�+���H���` �K���T�b �B�M�i�Q �i�?�2 �b���p�B�M�; �`���i�2�b�-

sn [t] = ~� nn [t]
�
1 � e~� 0 � � 0

�
: �U�R�d�V

�j�e�a�2�2 ���T�T�2�M�/�B�t�"�X�e���M�/ �i���#�H�2�"�X�e�7�Q�` �7�Q�`�K���H �2�b�i�B�K���i�B�Q�M �`�2�b�m�H�i�b�X �P�m�` �2�b�i�B�K���i�2�b �Q�7 ���M ���M�M�m���H �+�Q�B�M �H�Q�b�b �`���i�2 �Q�7
�R�X�d�W ���`�2 �`�2�K���`�F���#�H�v �b�B�K�B�H���` �i�Q �i�?�Q�b�2 �2�b�i�B�K���i�2�/ �#�v �M�m�K�B�b�K���i�B�b�i�b�X �6�Q�` �_�Q�K���M �i�B�K�2�b�- �i�?�2 �K�Q�b�i �7�`�2�[�m�2�M�i�H�v �+�B�i�2�/
�2�b�i�B�K���i�2�b ���`�2 �#�v �*�`���r�7�Q�`�/ ���M�/ �>�Q�T�F�B�M�b�- �Q�7 �k�W �T�2�` ���M�M�m�K �U�>�Q�T�F�B�M�b�-�R�N�3�y�V�X�S���i�i�2�`�b�Q�M�U�R�N�d�k�V �`�2�T�Q�`�i�b �2�b�i�B�K���i�2�b
�Q�7 �k�W �7�Q�` �_�Q�K���M �i�B�K�2�b �U�R�8�y ���.�V�- ���M�/ �R�W �7�Q�` �A�b�H���K�B�+ �i�B�K�2�b �U�3�y�y ���.�V�X �h�?�2�b�2 �M�m�K�#�2�`�b ���`�2 �#���b�2�/ �Q�M �2�b�i�B�K���i�2�b �Q�7
�K�B�M�i �Q�m�i�T�m�i �7�`�Q�K �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �M�m�K�#�2�` �Q�7 �/�B�2�b �i�?���i �r�2�`�2 �m�b�2�/ �i�Q �K�B�M�i �+�Q�B�M�b�- ���M�/ �K�m�H�i�B�T�H�v�B�M�; �/�B�2 �+�Q�m�M�i�b
�#�v �2�b�i�B�K���i�2�b �Q�7 �i�?�2 ���p�2�`���;�2 �M�m�K�#�2�` �Q�7 �+�Q�B�M�b �i�?���i �r�2�`�2 �b�i�`�m�+�F �r�B�i�? �Q�M�2 �/�B�2�X �h�?�2 �+�Q�K�T�`�2�?�2�M�b�B�p�2 �/�B�2 �b�i�m�/�B�2�b �i�?���i
���`�2 �`�2�[�m�B�`�2�/ �7�Q�` �i�?�B�b �T�`�Q�+�2�/�m�`�2 ���`�2�- �?�Q�r�2�p�2�`�- �Q�M�H�v ���p���B�H���#�H�2 �7�Q�` �� �b�K���H�H �b�m�#�b�2�i �Q�7 �K�B�M�i�b ���M�/ �i�B�K�2 �T�2�`�B�Q�/�b�X

�j�d�P�m�` �T���`���K�2�i�2�`�B�x���i�B�Q�M �7�Q�` �i�`���/�2 �+�Q�b�i�b �B�b �T�Q�i�2�M�i�B���H�H�v �B�M�+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 ���`�#�B�i�`���;�2 �i�`���/�2
�#�2�+���m�b�2 �r�2 �+�Q�K�T�m�i�2 �Q�T�i�B�K���H �i�`���p�2�H �`�Q�m�i�2�b �Q�M�+�2�- �r�B�i�?�Q�m�i �i���F�B�M�; �B�M�i�Q ���+�+�Q�m�M�i �i�?�2 ���/�/�B�i�B�Q�M���H �+�Q�b�i�b ���b�b�Q�+�B���i�2�/ �r�B�i�?
�T�Q�i�2�M�i�B���H�H�v �K�m�H�i�B�T�H�2 �#�Q�`�/�2�` �+�`�Q�b�b�B�M�;�b�X �A�M �T�`���+�i�B�+�2�- �i�?�B�b �/�Q�2�b �M�Q�i �?���T�T�2�M�, �r�2 �K���M�m���H�H�v �p�2�`�B�7�v �i�?���i �i�?�2 �2�b�i�B�K���i�2�/
�+�Q�b�i�b �B�M �2�[�m���i�B�Q�M �U�R�8�V �+���M�M�Q�i �#�2 �H�Q�r�2�`�2�/ �#�v �i���F�B�M�; �� �H�Q�M�;�2�` �`�Q�m�i�2 ���p�Q�B�/�B�M�; �m�M�M�2�+�2�b�b���`�v �#�Q�`�/�2�` �+�`�Q�b�b�B�M�;�b�X

�k�y



~� nn [t] �+�Q�M�i�`�Q�H�b �i�?�2 �?�Q�K�2 �#�B���b �B�M �+�Q�B�M�b�- ���M�/
�
1 � e~� 0 � � 0

�
���/�D�m�b�i�b �7�Q�` �i�?�2 �/�B�b�+�`�2�T���M�+�v �U�/�m�2 �i�Q

�b���p�B�M�;sn [t]�V �#�2�i�r�2�2�M �i�?�2 �?�Q�K�2 �#�B���b �B�M �+�Q�B�M�b �U�;�Q�p�2�`�M�2�/ �#�v~� 0�V ���M�/ �i�?�2 �?�Q�K�2 �#�B���b �B�M �i�`���/�2

�U�;�Q�p�2�`�M�2�/ �#�v� 0�V�X �A�M �i�?�2 ���#�b�2�M�+�2 �Q�7 �/�B�`�2�+�i �2�p�B�/�2�M�+�2 �Q�M ���M�+�B�2�M�i �i�`���/�2�- �r�2 �+���M�M�Q�i �/�B�`�2�+�i�H�v

�2�b�i�B�K���i�2� 0�X �A�M�b�i�2���/�- �r�2 �+�?�Q�Q�b�2� 0 �i�Q �K���i�+�? ���M ���p�2�`���;�2 ���M�+�B�2�M�i �b���p�B�M�; �`���i�2 �B�M�i�Q �M�Q�K�B�M���H ���b�b�2�i�b

�Q�7 �R�X�8�W �U�a�+�?�2�B�/�2�H�-�k�y�k�y�V�X �h�?�B�b �2�b�i�B�K���i�2�/ �b���p�B�M�;�b �`���i�2 �7�Q�` �_�Q�K���M �i�B�K�2�b �B�b �H�B�F�2�H�v ���M �m�T�T�2�` �#�Q�m�M�/
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�j�X�j �S���`���K�2�i�2�` �2�b�i�B�K���i�2�b

���M�+�B�2�M�i �i�`���/�2 �+�Q�b�i�b�X�h���#�H�2�j �b�?�Q�r�b �i�?�2 �2�b�i�B�K���i�2�b �Q�7 �i�?�2 �T���`���K�2�i�2�`�b �;�Q�p�2�`�M�B�M�; ���M�+�B�2�M�i �i�`���/�2

�+�Q�b�i�b�X �*�Q�H�m�K�M �k�- �r�?�B�+�? �/�B�b�i�B�M�;�m�B�b�?�2�b �i�?�2 �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�` �B�M �i�?�2 �2���b�i �U�B�M ���M�/ �Q�m�i �Q�7 �"�v�x���M�i�B�m�K�V�-

�B�M �i�?�2 �r�2�b�i �U�B�M ���M�/ �Q�m�i �Q�7 ���H�@���M�/���H�m�b�V�- �Q�` �Q�p�2�` �i�?�2 �J�2�/�B�i�2�`�`���M�2���M �B�M ���M�/ �Q�m�i �Q�7 �B�i�b �M�Q�M�@�A�b�H���K�B�+
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�h���#�H�2 �j�, �"�B�H���i�2�`���H �/�2�i�2�`�K�B�M���M�i�b �Q�7 ���M�+�B�2�M�i �i�`���/�2

�G�Q�; �h�`���/�2

�U�R�V �U�k�V

�G�Q�; �h�`���p�2�H �h�B�K�2 �@�k�X�N�3 �@�j�X�y�j
�U�y�X�y�k�V �U�y�X�y�k�V

�S�Q�H�B�i�B�+���H �"�Q�`�/�2�` �@�y�X�j �@�y�X�9�N
�U�y�X�y�k�V �U�y�X�y�k�V

�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�` �@�9�X�y�8
�U�y�X�R�R�V

�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�, �1���b�i �@�R�X�N�d
�U�y�X�R�k�V

�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�, �q�2�b�i �@�9�X�8�N
�U�y�X�k�k�V

�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�, �J�2�/�B�i�2�`�`���M�2���M�@�8�X�k
�U�y�X�R�3�V

�a���K�T�H�2 ���H�H ���H�H
�*�Q�B�M ���+�+�Q�m�M�i�B�M�; �L�m�K�#�2�` �L�m�K�#�2�`
�P�#�b�2�`�p���i�B�Q�M�b �9�-�9�R�j �9�-�9�R�j

�L�Q�i�2�b�,�h�?�2 �i���#�H�2 �b�?�Q�r�b �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �i�`���/�2 �+�Q�b�i�b �T���`���K�2�i�2�`�b �B�M �2�[�m���i�B�Q�M �U�R�8�V�X �ó�S�Q�H�B�i�B�+���H �"�Q�`�/�2�`�ô �B�b �Q�M�2 �B�7 �i�?�2 �b�2�i�b �Q�7 �T�Q�H�B�i�B�+���H
�2�M�i�B�i�B�2�b �i�?���i �Q�+�+�m�T�v ���i �H�2���b�i �b�Q�K�2 �T���`�i �Q�7 �i�?�2 �`�2�;�B�Q�M�b �/�m�`�B�M�; �i�?�2 �k�y�@�v�2���` �i�B�K�2 �T�2�`�B�Q�/ ���`�2 �+�Q�K�T�H�2�i�2�H�v �/�B�b�D�Q�B�M�i�- ���M�/ �x�2�`�Q �Q�i�?�2�`�r�B�b�2�X �A�M
�+�Q�H�m�K�M �R �ó�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�ô �B�b �Q�M�2 �B�7 ���H�H �T�Q�H�B�i�B�+���H �2�M�i�B�i�B�2�b �B�M �Q�M�2 �`�2�;�B�Q�M ���`�2 �A�b�H���K�B�+ ���M�/ ���H�H ���`�2 �M�Q�M�@�A�b�H���K�B�+ �B�M �i�?�2 �Q�i�?�2�` �`�2�;�B�Q�M�- ���M�/
�x�2�`�Q �Q�i�?�2�`�r�B�b�2�X �A�M �+�Q�H�m�K�M �k�- �Q�m�` �#���b�2�H�B�M�2�- �ó�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�, �1���b�i�ô �B�b �Q�M�2 �B�z �i�?�2 �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�` �/�m�K�K�v �B�b �Q�M�2 ���M�/ �i�?�2 �`�2�;�B�Q�M�b ���`�2
���H�@���M�/���H�m�b ���M�/ ���[�m�B�i���B�M�2 �Q�` �6�`���M�+�B���f�:�2�`�K���M�B���- �Q�` �p�B�+�2 �p�2�`�b���c �ó�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�, �q�2�b�i�ô �B�b �Q�M�2 �B�z �i�?�2 �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�` �/�m�K�K�v �B�b
�Q�M�2 ���M�/ �i�?�2 �`�2�;�B�Q�M�b ���`�2 �i�?�2 �"�v�x���M�i�B�M�2 �>�2���`�i�H���M�/�b ���M�/ �Q�M�2 �Q�7 �i�?�2 �*���H�B�T�?���i�2 �`�2�;�B�Q�M�b �2���b�i �Q�7 �1�;�v�T�i�- �Q�` �p�B�+�2 �p�2�`�b���c �ó�_�2�H�B�;�B�Q�m�b �"�Q�`�/�2�`�,
�J�2�/�B�i�2�`�`���M�2���M�ô �B�b �Q�M�2 �7�Q�` ���H�H �Q�i�?�2�` �`�2�;�B�Q�M �T���B�`�b �r�?�2�`�2 �i�?�2 �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�` �/�m�K�K�v �B�b �Q�M�2�X �ó�P�#�b�2�`�p���i�B�Q�M�b�ô �/�2�M�Q�i�2�b �i�?�2 �M�m�K�#�2�` �Q�7
�Q�#�b�2�`�p���i�B�Q�M�b(m; h; t; T ) �B�M �i�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �2�[�m���i�B�Q�M �U�R�N�V �r�?�2�`�2H m;h [t; T ] > 0�X �a�2�2 ���T�T�2�M�/�B�t �i���#�H�2�"�X�N�7�Q�` �i�?�2 �b�2�M�b�B�i�B�p�B�i�v �Q�7 �Q�m�`
�2�b�i�B�K���i�2�b �i�Q ���H�i�2�`�M���i�B�p�2 �+�Q�B�M ���+�+�Q�m�M�i�B�M�; �K�2�i�?�Q�/�b ���M�/ �/�2�}�M�B�i�B�Q�M�b �Q�7 �T�2�`�B�Q�/ �H�2�M�;�i�?�b�X ���b�v�K�T�i�Q�i�B�+ �b�i���M�/���`�/ �2�`�`�Q�`�b �B�M �T���`�2�M�i�?�2�b�2�b�X

�M�Q�`�i�?�2�`�M �b�?�Q�`�2�- �B�b �Q�m�` �#���b�2�H�B�M�2�X �q�2 �/�B�b�+�m�b�b �i�?�2 �`�Q�#�m�b�i�M�2�b�b �Q�7 �Q�m�` �2�b�i�B�K���i�2�b �i�Q ���H�i�2�`�M���i�B�p�2 �+�Q�B�M

���+�+�Q�m�M�i�B�M�; �K�2�i�?�Q�/�b ���M�/ �i�B�K�2 ���;�;�`�2�;���i�B�Q�M�b �B�M �b�2�+�i�B�Q�M�9�X�8�X

�A�M �Q�m�` �b�B�K�T�H�2�` �b�T�2�+�B�}�+���i�B�Q�M �U�+�Q�H�m�K�M �R�V�- �i�?�2 �i�`���p�2�H �i�B�K�2 �2�H���b�i�B�+�B�i�v �Q�7 �i�`���/�2�-� = 2:98 �U�b�X�2�X

�y�X�y�k�V�- �B�b �b�Q�K�2�r�?���i �H���`�;�2�` �#�m�i �+�H�Q�b�2 �i�Q �i�?�2 �k�X�y�8�@�k�X�3�N �`���M�;�2 �Q�7 �2�b�i�B�K���i�2�b �7�`�Q�K�6�H�C�+�F�B�;�2�` �2�i ���H�X

�U�k�y�k�k�V �m�b�B�M�; �#�B�H���i�2�`���H �i�`���/�2 �B�M �i�2�`�`�� �b�B�;�B�H�H���i�� �B�M ���M�+�B�2�M�i �_�Q�K�2 ���M�/ �Q�T�i�B�K���H �i�`���p�2�H �i�B�K�2�b ���H�Q�M�; �i�?�2

�_�Q�K���M �i�`���M�b�T�Q�`�i���i�B�Q�M �M�2�i�r�Q�`�F�- ���M�/ �i�Q �i�?�2 �R�X�N �/�B�b�i���M�+�2 �2�H���b�i�B�+�B�i�v �7�`�Q�K�"���`�D���K�Q�p�B�+ �2�i ���H�X�U�k�y�R�N�V

�m�b�B�M�; �K�2�`�+�?���M�i �`�2�+�Q�`�/�b �B�M �"�`�Q�M�x�2 ���;�2 ���M���i�Q�H�B���X �h�?�B�b �b�B�K�B�H���`�B�i�v �i�Q �2�b�i�B�K���i�2�b �m�b�B�M�; ���+�i�m���H��

�i�?�Q�m�;�? �T���`�i�B���H�����M�+�B�2�M�i �i�`���/�2 �/���i�� �B�b �`�2���b�b�m�`�B�M�;�- ���b �r�2 �/�Q �M�Q�i �m�b�2 ���M�v �/�B�`�2�+�i �B�M�7�Q�`�K���i�B�Q�M

�Q�M �i�`���/�2�- �#�m�i �Q�M�H�v �B�M�/�B�`�2�+�i �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �+�Q�B�M�b�X �h�?�B�b �i�`���p�2�H �i�B�K�2 �2�H���b�i�B�+�B�i�v �B�b �`�Q�#�m�b�i �i�Q

���H�i�2�`�M���i�B�p�2 �b�T�2�+�B�}�+���i�B�Q�M�b �7�Q�` �i�?�2 �`�2�H�B�;�B�Q�M �#�Q�`�/�2�` �2�z�2�+�i�-3:03 �p�2�`�b�m�b2:98 �B�M �+�Q�H�m�K�M �k �p�2�`�b�m�b �R�X

�A�M �Q�m�` �b�B�K�T�H�2�` �b�T�2�+�B�}�+���i�B�Q�M �U�+�Q�H�m�K�M �R�V�- �i�?�2 �T�Q�H�B�i�B�+���H(� P ol:) ���M�/ �`�2�H�B�;�B�Q�m�b(� Rel: ) �#�Q�`�/�2�`

�2�z�2�+�i�b ���`�2 �H���`�;�2�- �#�m�i �Q�7 �i�?�2 �b���K�2 �K���;�M�B�i�m�/�2 ���b �2�b�i�B�K���i�2�b �7�Q�` �K�Q�/�2�`�M �#�Q�`�/�2�` �2�z�2�+�i�b�X ���b�b�m�K�B�M�;

�� �i�`���/�2 �2�H���b�i�B�+�B�i�v� = 4 �U�a�B�K�Q�M�Q�p�b�F�� ���M�/ �q���m�;�?�-�k�y�R�9�V�- �i�?�Q�b�2 �+�Q�`�`�2�b�T�Q�M�/ �i�Q ���M�3�W ���/�@�p���H�Q�`�2�K

�i���t �7�Q�` �+�`�Q�b�b�B�M�; �� �T�Q�H�B�i�B�+���H �#�Q�`�/�2�` �Udacross=dwithin = e� P ol: =� � 1:08�V�- ���M�/ ���R�d�8�W �i���t �7�Q�` �+�`�Q�b�b�B�M�;

�� �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�` �Udacross=dwithin = e� Rel: =� � 2:75�V�- �Q�7 �i�?�2 �b���K�2 �K���;�M�B�i�m�/�2 ���b �i�?�2 �2�b�i�B�K���i�2�/
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�6�B�;�m�`�2 �d�, �1�b�i�B�K���i�2�/ �K�B�M�i �Q�m�i�T�m�i�-���/ �j�k�y�@�N�y�y
�L�Q�i�2�b�,�h�?�2 �}�;�m�`�2 �b�?�Q�r�b �i�?�2 �2�b�i�B�K���i�2�/ �+�Q�B�M �Q�m�i�T�m�iM n [t ] �#�v �i�B�K�2t �U�?�Q�`�B�x�Q�M�i���H ���t�B�b�V ���M�/ �`�2�;�B�Q�Mn�- �m�b�B�M�; �Q�m�` �#���b�2�H�B�M�2 �b�T�2�+�B�}�+���i�B�Q�M
�B�M �+�Q�H�m�K�M �k �Q�7 �i���#�H�2�j�- ���M�/ �#�`�Q�F�2�M �/�Q�r�M �#�v �i�?�2 �T�Q�H�B�i�B�+���H �2�M�i�B�i�B�2�b �i�?���i �H�Q�+���i�B�Q�M�b ���`�2�����i �i�?���i �i�B�K�2���T�`�B�K���`�B�H�v ���b�b�Q�+�B���i�2�/ �r�B�i�?�X �h�?�2
�m�M�B�i�b ���`�2 �`�2�H���i�B�p�2 �i�Q �M�Q�`�i�?�2�`�M �A�i���H�v �B�M �j�k�y�@�j�9�y�- �r�?�B�+�? �r�2 �M�Q�`�K���H�B�x�2 �i�Q �?���p�2 �� �K�B�M�i �Q�m�i�T�m�i �Q�7 �R�y�y�X

�9�N�W �+�Q�b�i �Q�7 �+�`�Q�b�b�B�M�; �i�?�2 �K�Q�/�2�`�M �l�a�@�*���M���/�� �#�Q�`�/�2�` �U���M�/�2�`�b�Q�M ���M�/ �p���M �q�B�M�+�Q�Q�T�-�k�y�y�j�V�X�j�N

�.�B�b�i�B�M�;�m�B�b�?�B�M�; �i�?�2 �2���b�i�2�`�M ���M�/ �r�2�b�i�2�`�M �H���M�/ �#�Q�`�/�2�`�b �7�`�Q�K �i�?�2 �J�2�/�B�i�2�`�`���M�2���M �K���`�B�i�B�K�2 �#�Q�`�@

�/�2�` �U�+�Q�H�m�K�M �k�V �/�Q�2�b �M�Q�i ���z�2�+�i �Q�m�` �2�b�i�B�K���i�2 �Q�7 �i�?�2 �T�Q�H�B�i�B�+���H �#�Q�`�/�2�` �2�z�2�+�i�- �r�?�B�+�? �`�2�K���B�M�b �b�K���H�H

�U�y�X�j �p�2�`�b�m�b �y�X�9�N �B�M �+�Q�H�m�K�M�b �R �p�2�`�b�m�b �k�V�X �A�i �/�Q�2�b �?�Q�r�2�p�2�` �`�2�p�2���H �/�B�z�2�`�2�M�i �2�b�i�B�K���i�2�/ �T�2�M���H�@

�i�B�2�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �+�`�Q�b�b�B�M�; �7�`�Q�K �A�b�H���K�B�+ �i�Q �M�Q�M�@�A�b�H���K�B�+ �`�2�;�B�Q�M�b�X �h�?�2 �`�2�H�B�;�B�Q�m�b �#�Q�`�/�2�` �2�z�2�+�i

�B�b �b�i�`�Q�M�;�2�b�i �7�Q�` �+�`�Q�b�b�B�M�; �i�?�2 �J�2�/�B�i�2�`�`���M�2���M�U� Med:
Rel: = 5:20�V���M�/ �7�Q�` �i�?�2 �r�2�b�i�2�`�M �#�Q�`�/�2�` �7�`�Q�K

���H�@���M�/���H�m�b�U� W est
Rel: = 4:59�V�- ���M�/ �H�Q�r�2�b�i �7�Q�` �i�?�2 �2���b�i�2�`�M �#�Q�`�/�2�` �B�M�i�Q �"�v�x���M�i�B�m�K�U� East

Rel: = 1:97�V�X

�P�m�` �b�i�`�m�+�i�m�`���H �2�b�i�B�K���i�B�Q�M �+�Q�M�}�`�K�b �i�?�2 �`�2�/�m�+�2�/ �7�Q�`�K �2�p�B�/�2�M�+�2 �B�M �b�2�+�i�B�Q�M�R�X �h�?�2 �#�Q�`�/�2�` �B�M

���M�/ �Q�m�i �Q�7 �A�b�H���K�B�+ �`�2�;�B�Q�M�b �#�2�+�Q�K�2�b �+�Q�b�i�H�B�2�` �i�Q �+�`�Q�b�b���7�i�2�`�i�?�2 �#�B�`�i�? �Q�7 �A�b�H���K�X

�J�B�M�i�B�M�; �Q�m�i�T�m�i�X�6�B�;�m�`�2�d�b�?�Q�r�b �2�b�i�B�K���i�2�b �Q�7 �K�B�M�i �Q�m�i�T�m�i �#�v �`�2�;�B�Q�M ���M�/ �i�B�K�2 �B�M�i�2�`�p���H�X �P�m�`

�2�b�i�B�K���i�2�b �H�B�M�2 �m�T �r�B�i�? �b�2�p�2�`���H �T���i�i�2�`�M�b �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �M�m�K�B�b�K���i�B�+ �H�B�i�2�`���i�m�`�2�,(i ) �i�?�2 �/�2�+�H�B�M�2

�Q�7 �K�B�M�i �Q�m�i�T�m�i �B�M �i�?�2 �r�2�b�i�2�`�M �J�2�/�B�i�2�`�`���M�2���M �7�Q�H�H�Q�r�B�M�; �i�?�2 �/�2�K�B�b�2 �Q�7 �i�?�2 �q�2�b�i �_�Q�K���M �1�K�T�B�`�2

�B�M �i�?�2 �H���i�2 �8�i�? �+�2�M�i�m�`�v�c(ii ) �i�?�2 �H���`�;�2 �/�2�+�H�B�M�2 �Q�7 �"�v�x���M�i�B�M�2 �K�B�M�i �Q�m�i�T�m�i �B�M �i�?�2 �õ�"�v�x���M�i�B�M�2 �/���`�F

���;�2�b�ö �Q�7 �i�?�2 �3�i�? �+�2�M�i�m�`�v�c(iii ) �i�?�2 �;�`���/�m���H �B�M�+�`�2���b�2 �B�M ���`���# ���M�/ �6�`���M�F�B�b�? �K�B�M�i �Q�m�i�T�m�i �b�i���`�i�B�M�;

�7�`�Q�K �i�?�2 �H���i�2 �d�i�? �+�2�M�i�m�`�v�X �A�K�T�Q�`�i���M�i�H�v�- �r�2 ���`�2 �M�Q�i �K�2�`�2�H�v �+�Q�m�M�i�B�M�; �+�Q�B�M�b�c �r�2�2�b�i�B�K���i�2�K�B�M�i�B�M�;

�Q�m�i�T�m�i �7�`�Q�K �i�?�2 �`�2�H���i�B�p�2 �b�?���`�2�b �Q�7 �+�Q�B�M�b �7�`�Q�K �/�B�z�2�`�2�M�i �K�B�M�i�b ���+�`�Q�b�b �?�Q���`�/�b�- ���#�b�Q�`�#�B�M�; �p���`�B���i�B�Q�M

�j�N���M�/�2�`�b�Q�M ���M�/ �p���M �q�B�M�+�Q�Q�T�U�k�y�y�j�V �2�b�i�B�K���i�2 �i�?���i �i�`���/�2 �B�bexp(1:59) � 5 �i�B�K�2�b �H���`�;�2�` �r�B�i�?�B�M �i�?���M �#�2�i�r�2�2�M
�i�?�2 �l�a ���M�/ �*���M���/���X �6�Q�`� = 4 �B�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Qdacross =dwithin = e1:59=4 � 1:49�- ��49%���/�@�p���H�Q�`�2�K �#�Q�`�/�2�` �i���t�X
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�/�m�2 �7�Q�` �B�M�b�i���M�+�2 �i�Q �/�B�z�2�`�2�M�i�B���H �?�Q���`�/�B�M�; �T���i�i�2�`�M�b �Q�` �?�Q���`�/ �}�M�/�B�M�; �`���i�2�b ���+�`�Q�b�b �b�T���+�2 ���M�/ �i�B�K�2�X

�a�2�H�H�2�` �i�2�`�K�b�X�h�?�2 �H���b�i �b�2�i �Q�7 �2�b�i�B�K���i�2�b�- �i�?�2 �b�2�H�H�2�` �i�2�`�K�b�- �+�Q�M�i���B�M �+�Q�K�#�B�M�2�/ �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i

�7���+�i�Q�` �T�`�B�+�2�b ���M�/ �i�2�+�?�M�Q�H�Q�;�v�-~� n [t] = ( wn [t] =T1=�
n [t])� � �X �h�?�Q�b�2 �i�2�`�K�b ���`�2 �M�Q�i �`�2���/�B�H�v �B�M�i�2�`�@

�T�`�2�i���#�H�2 �#�2�+���m�b�2 �7���+�i�Q�` �T�`�B�+�2�b �Uwn [t]�V ���`�2 �2�M�/�Q�;�2�M�Q�m�b ���M�/ �/�2�T�2�M�/ �Q�M ���H�H �Q�i�?�2�` �T���`���K�2�i�2�`�b�X �h�?�2

�b�i�`�m�+�i�m�`�2 �Q�7 �Q�m�` �/�v�M���K�B�+ �K�Q�/�2�H �Q�7 �i�`���/�2 ���M�/ �+�Q�B�M�b ���H�H�Q�r�b �m�b �i�Q �b�2�T���`���i�2�H�v �`�2�+�Q�p�2�` ���H�H �2�[�m�B�H�B�#�`�B�m�K

�p���`�B���#�H�2�b �7�`�Q�K �Q�m�` �T���`���K�2�i�2�` �2�b�i�B�K���i�2�b�- �B�M�+�H�m�/�B�M�; �`�2�H���i�B�p�2 �T�`�B�+�2�b�- �r�?�B�+�? �r�2 �i�m�`�M �i�Q �M�2�t�i�X

�9 �h�`���/�2 ���M�/ �i�?�2 �2�M�/ �Q�7 ���M�i�B�[�m�B�i�v

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �}�`�b�i �2�t�T�H���B�M �?�Q�r �r�2 �+���M �`�2�+�Q�p�2�` �i�`���/�2 ���M�/ �`�2���H �+�Q�M�b�m�K�T�i�B�Q�M �b�Q�H�2�H�v �7�`�Q�K

�Q�m�` �T���`���K�2�i�2�` �2�b�i�B�K���i�2�b�X �q�2 �i�?�2�M �T�`�2�b�2�M�i �;�`���M�m�H���` �2�p�B�/�2�M�+�2 �Q�M �i�?�2 �/�v�M���K�B�+�b �Q�7 ���M�+�B�2�M�i �i�`���/�2

���M�/ �+�Q�M�b�m�K�T�i�B�Q�M�X �q�?�B�H�2 �i�?�Q�b�2 �}�M�/�B�M�;�b ���`�2 �K�Q�b�i�H�v �/�2�b�+�`�B�T�i�B�p�2�- �i�?�2�v �`�2�p�2���H �i�?�2 �T�`�Q�K�B�b�2 �Q�7 �m�b�B�M�;

���M�+�B�2�M�i �+�Q�B�M�b�- ���M�/ �K�Q�`�2 �#�`�Q���/�H�v �� �[�m���M�i�B�i���i�B�p�2 �/�v�M���K�B�+ �K�Q�/�2�H �Q�7 �i�`���/�2�- �i�Q �`�2�p�2���H �T���i�i�2�`�M�b �Q�7 ��

�+�?���M�;�B�M�; �2�+�Q�M�Q�K�B�+ �;�2�Q�;�`���T�?�v�c �i�?�2�v ���H�b�Q �B�M�7�Q�`�K ���M�/ �+�H���`�B�7�v ���+�i�B�p�2 �/�2�#���i�2�b �B�M �?�B�b�i�Q�`�v�X

�9�X�R �_�2�+�Q�p�2�`�B�M�; �i�`���/�2�- �M�Q�K�B�M���H �B�M�+�Q�K�2�- ���M�/ �`�2���H �+�Q�M�b�m�K�T�i�B�Q�M

�1�p�2�M �i�?�Q�m�;�? �r�2 �Q�M�H�v �?���p�2 �/���i�� �Q�M �+�Q�B�M �?�Q���`�/�b�- �i�?�2�v �B�K�T�H�B�+�B�i�H�v �+�Q�M�i���B�M �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i

�T�`�Q�/�m�+�i�B�Q�M�- �i�`���/�2�- ���M�/ �2�M�/�Q�;�2�M�Q�m�b �T�`�B�+�2�b�X �6�`�Q�K �i�?�Q�b�2 �/���i�� �r�2 �+���M �`�2�+�Q�p�2�` ���H�H �2�+�Q�M�Q�K�B�+ �p���`�B�@

���#�H�2�b �m�b�B�M�; �b�Q�H�2�H�v �Q�m�` �T���`���K�2�i�2�` �2�b�i�B�K���i�2�b�- �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �Q�m�` �K�Q�/�2�H�- ���M�/ �� �b�B�M�;�H�2 �m�M�F�M�Q�r�M

�T���`���K�2�i�2�`�- �i�?�2 �i�`���/�2 �2�H���b�i�B�+�B�i�v�- ���`�#�B�i�`���`�B�H�v �b�2�i �i�Q� = 4 �U�a�B�K�Q�M�Q�p�b�F�� ���M�/ �q���m�;�?�-�k�y�R�9�V�X�9�y

�:�B�p�2�M �i�?�2 �H�Q�r �b���p�B�M�;�b �`���i�2 �U�R�X�8�W �T�X���X �+�Q�K�T�m�i�2�/ �#�v�a�+�?�2�B�/�2�H�-�k�y�k�y�V�- �r�2 ���T�T�`�Q�t�B�K���i�2 �B�i �i�Q

�x�2�`�Q �i�Q �b�B�K�T�H�B�7�v �i�?�2 ���H�;�2�#�`���- �#�m�i �M�Q�i�2 �i�?���i �Q�m�` �K�2�i�?�Q�/ �2�t�i�2�M�/�b �i�Q �T�Q�b�B�i�B�p�2 �b���p�B�M�; �r�B�i�? �M�2���`�H�v

�B�/�2�M�i�B�+���H �`�2�b�m�H�i�b�X �h�?�2 �B�M�?�2�`�2�M�i �b�T���`�b�B�i�v �Q�7 �Q�m�` ���M�+�B�2�M�i �+�Q�B�M �?�Q���`�/ �/���i�� �B�M�i�`�Q�/�m�+�2�b �M�Q�B�b�2 �B�M �Q�m�`

�2�b�i�B�K���i�2�b �7�Q�` �b�2�H�H�2�` �i�2�`�K�b ���M�/ �K�B�M�i�B�M�;�X �h�Q �b�K�Q�Q�i�? �Q�m�i �b�Q�K�2 �Q�7 �i�?�B�b �M�Q�B�b�2�- �r�2 �m�b�2 �� �b�B�K�T�H�2

�K�Q�p�B�M�; ���p�2�`���;�2�, �7�Q�`t 2 [380; 880]�- �r�2 �m�b�21
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P t+1
� = t � 1

~� n [� ] �B�M�b�i�2���/ �Q�7~� n [t]�- ���M�/13
P t+1

� = t � 1 M n [� ]

�B�M�b�i�2���/ �Q�7M n [t]�X �q�2 �/�Q �M�Q�i �b�K�Q�Q�i�? �Q�m�` �T�`�2�+�B�b�2�H�v �2�b�i�B�K���i�2�/ �T���`���K�2�i�2�`�b �7�Q�` �#�B�H���i�2�`���H �i�`���/�2 �+�Q�b�i�b�X

�h�`���/�2�X�q�2 �`�2�+�Q�p�2�` �i�`���/�2 �b�?���`�2�b �7�`�Q�K �2�b�i�B�K���i�2�/ �b�2�H�H�2�` �i�2�`�K�b�-~� i [t]�- ���M�/ �i�?�2 �/�2�i�2�`�K�B�M���M�i�b �Q�7

�#�B�H���i�2�`���H �i�`���/�2�-(� 0; � P ol: ; � East
Rel: ; � W est

Rel: ; � Med:
Rel: ) �7�`�Q�K �r�?�B�+�? �r�2 �+�Q�K�T�m�i�2d� �

ni [t] �m�b�B�M�; �U�R�8�V�-

� ni [t] =
~� i [t]d� �

ni [t]
P

k
~� k [t]d� �

nk [t]
; 8(n; i; t ): �U�k�R�V

�9�y�h�?�B�b �m�M�F�M�Q�r�M �2�H���b�i�B�+�B�i�v� �?���b �M�Q �B�K�T���+�i �Q�M �Q�m�` �2�b�i�B�K���i�B�Q�M �b�i�`���i�2�;�v�- �r�?�B�+�? �B�b �B�/�2�M�i�B�+���H �7�Q�`���M�v�+�?�Q�B�+�2 �Q�7� �X
�A�i ���H�b�Q �?���b �M�Q �B�K�T���+�i �Q�M �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�`���/�2 �~�Q�r�b ���M�/ �M�Q�K�B�M���H �B�M�+�Q�K�2�b�X �A�i �B�b �b�Q�H�2�H�v �`�2�[�m�B�`�2�/ �i�Q �/�B�b�i�B�M�;�m�B�b�?
�M�Q�K�B�M���H �7�`�Q�K �`�2���H �+�Q�M�b�m�K�T�i�B�Q�M�X �A�M �T�`���+�i�B�+�2 �?�Q�r�2�p�2�`�- �2�p�2�M �i�`�B�T�H�B�M�;� �7�`�Q�K �9 �i�Q �R�k �?���b �� �#���`�2�H�v �M�Q�i�B�+�2���#�H�2 �B�K�T���+�i
�Q�M �2�b�i�B�K���i�2�/ �+�Q�M�b�m�K�T�i�B�Q�M �U�b�2�2 �i���#�H�2�9�V�X
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�1�b�i�B�K���i�2�/ �i�`���/�2 �b�?���`�2�b ���`�2 �B�M�p���`�B���M�i �i�Q ���M�v �M�Q�`�K���H�B�x���i�B�Q�M �Q�7~� i [t] ���M�/M n [t]�- ���M�/ �?�Q�H�/ �7�Q�` ���M�v� �X

�L�Q�K�B�M���H �B�M�+�Q�K�2�X�J���`�F�2�i �+�H�2���`�B�M�; �B�K�T�Q�b�2�b �� �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �M�Q�K�B�M���H �B�M�+�Q�K�2 �B�M �Q�M�2

�`�2�;�B�Q�M�- �B�M�+�Q�K�2 ���M�/ �K�B�M�i�B�M�; �B�M �Q�i�?�2�` �`�2�;�B�Q�M�b�- ���M�/ �i�`���/�2 �b�?���`�2�b�X �A�M�7�Q�`�K���i�B�Q�M �Q�M �2�b�i�B�K���i�2�/ �i�`���/�2

�b�?���`�2�b� ni [t]�- �K�B�M�i�B�M�;M n [t]�- ���M�/ �i�?�2 �+�Q�B�M �H�Q�b�b �`���i�2� �- �B�b �b�m�{�+�B�2�M�i �i�Q �`�2�+�Q�p�2�` �B�M�+�Q�K�2�b�X �J���`�F�2�i�b

�+�H�2���` �/�v�M���K�B�+���H�H�v �b�Q �r�2 �M�2�2�/ �i�Q �K���F�2 ���M ���b�b�m�K�T�i�B�Q�M �7�Q�` �T�2�`�B�Q�/t0 � 1 �#�2�7�Q� �̀2�Q�m�` �b���K�T�H�2 �b�i���`�i�b�X

���#�b�2�M�i ���M�v �/���i���- �r�2 �b�B�K�T�H�v ���b�b�m�K�2 �i�?���i ���;�;�`�2�;���i�2 �B�M�+�Q�K�2�b �B�Mt0 � 1 ���`�2 �i�?�2 �b���K�2 ���b �B�Mt0

���M�/ �m�b�2 �i�?�2 �b�i�2���/�v �b�i���i�2 �K���`�F�2�i �+�H�2���` �+�Q�M�/�B�i�B�Q�M �U�3�V�X �6�Q�` �2�p�2�`�v �b�m�#�b�2�[�m�2�M�i �T�2�`�B�Q�/�b �r�2 �`�2�+�Q�p�2�`

�B�M�+�Q�K�2�b �#�v �`�2�+�m�`�b�B�p�2�H�v �b�Q�H�p�B�M�; �i�?�2 �/�v�M���K�B�+ �K���`�F�2�i �+�H�2���`�B�M�; �+�Q�M�/�B�i�B�Q�M�b �U�d�V�X

(wi [t0]L i [t0]) =
X

n

� ni [t0]
�

(1 � � ) (wn [t0]Ln [t0]) + M n [t0]
�

; 8i;

���M�/(wi [t]L i [t]) =
X

n

� ni [t]
�

(1 � � ) (wn [t � 1]Ln [t � 1]) + M n [t]
�

; 8(i; t > t 0): �U�k�k�V

�1�b�i�B�K���i�2�/ �M�Q�K�B�M���H �B�M�+�Q�K�2�b �B�M�?�2�`�B�i �Q�m�` �U�b�B�M�;�H�2�V �K�B�M�i�B�M�; �M�Q�`�K���H�B�x���i�B�Q�M ���M�/ �?�Q�H�/ �7�Q�` ���M�v� �X

�_�2���H �+�Q�M�b�m�K�T�i�B�Q�M�X�_�2���H �+�Q�M�b�m�K�T�i�B�Q�M �B�b �/�2�}�M�2�/ ���b �M�Q�K�B�M���H �+�Q�M�b�m�K�T�i�B�Q�M �M�Q�`�K���H�B�x�2�/ �#�v �i�?�2

�T�`�B�+�2 �B�M�/�2�t�-X n [t] = (1 � � ) wn [t � 1]Ln [t � 1]+ M n [t] �Q�p�2�`pn [t] = 
 (
P

k (wk [t ]=T 1=�
k [t ]dnk [t])� � )� 1=� �-

�r�?�2�`�2
 �B�b �� �+�Q�M�b�i���M�i�X �a�B�K�T�H�2 �K���M�B�T�m�H���i�B�Q�M�b �v�B�2�H�/�-

X n [t]
pn [t]

= 
 � 1 (� nn [t])� 1=� �
T1=�

n [t]Ln [t]
�

�
(1 � � ) wn [t � 1]Ln [t � 1] + M n [t]

wn [t]Ln [t]

�
: �U�k�j�V

�h�?�2 �}�`�b�i ���M�/ �H���b�i �i�2�`�K�b ���`�2 �/�B�`�2�+�i�H�v �+�Q�K�T�m�i�2�/ �7�`�Q�K �2�b�i�B�K���i�2�b �7�Q�` �i�`���/�2 �b�?���`�2�b�- �M�Q�K�B�M���H �B�M�+�Q�K�2�b�-
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